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Prefaci 



La fi'sica de neutrins ha experimentat un avang espectacular en els darrers deu 
anys. En juny de 1998, la coMaboracio Super-Kamiokande [1] dona el primer pas 
important en aquest sentit en observar una forta evidencia de conversio de sabor en 
els neutrins atmosferics, produits en la coMisio de raigs cosmics amb I'atmosfera. 
No obstant, aquest resultat no fou una sorpresa completament, ja que durant les 
dues decades anteriors s'havia obtingut indicacions en favor d'aquesta hipotesi. En 
experiments amb neutrins solars i dades previes de neutrins atmosferics s'observava 
respectivament un deficit de neutrins electronics i neutrins muonics en relacio als 
predits pels models teorics. Discrepancies conegudes com el problema dels neutrins 
solars i I'anomalia dels neutrins atmosferics. En 2002 es va confirmar I'osciMacio 
de neutrins, amb un esquema de massa i mescla, com el mecanisme correcte per a 
explicar el problema del deficit de neutrins solars. Per demostrar-ho, van ser prou les 
primeres dades obtingudes per la coMaboracio KamLand [2], experiment terrestre 
amb neutrins generats en reactors nuclears. En eixe mateix sentit, i tambe en 2002, 
va ser resolta I'anomalia dels neutrins atmosferics fent us de les dades de neutrins 
d'accelerador obtingudes en I'experiment K2K [3]. Mes tard MINOS [Ij no nomes 
confirmaria aquest resultat, sino que augmentaria, i continua fent-ho, la precisio en 
la determinacio dels corresponents parametres d'oscil-lacio. 

La prova experimental de I'osciMacio de neutrins demostrava doncs que aque- 
sts tenen massa i, essent particules sense massa dins del Model Estandard (SM) 
de les interaccions electrofebles, aixo suposava alhora la primera evidencia robusta 
de ffsica mes enlla del SM. Amb els experiments de neutrins a les portes de I'era 
de la precisio [5], la determinacio de les propietats dels neutrins i el sen impacte 
teoric es un dels principals objectius per als fi'sics d'astroparticules i d'altes ener- 
gies [6]. Aixi doncs els principals esforgos se centren actualment, per una banda en 
la identificacio de la seua naturalesa, Dirac o Majorana, i per una altra banda en la 
determinacio precisa dels parametres d'oscil-lacio i, de forma complement aria, en la 
verificacio de possibles efectes subdominants no osciMatoris, tals com la conversio 
d'espm i sabor [Zl [8] o possibles interaccions no estandard (NSI d'acf endavant) dels 
neutrins [9]. La determinacio d'aquests obriria una finestra linica per a explorar 
ffsica mes enlla del SM. 

La tesi que aci es presenta preten ser una analisi de diversos aspectes de feno- 
menologia de neutrins en dos escenaris diferents. D'un costat, es tracta I'estudi de 
les NSI en experiments terrestres d'accelerador i reactor. D'altre costat es discuteix 
la propagacio de neutrins de supernova (SN), tenint en compte els nous descobri- 
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ments que mostren la importancia que el propi fons de neutrins te en I'evolucio 
d'aquests. Aquest efecte, menyspreat durant molt de temps, pot ser de vital im- 
portancia a I'hora d'entendre el senyal que una possible explosio de SN a la nostra 
galaxia donaria als detectors de neutrins. L'analisi dels neutrins de SN es presenta 
tant en absencia com en presencia de NSI. 

La presencia de NSI pot afectar drasticament a la propagacio dels neutrins en 
materia, aixi doncs es important discutir les implicacions d'incloure aquestes inter- 
accions en les analisis dels experiments terrestres previstos de neutrins d'accelerador 
i reactor. D'aquesta manera s'ha considerat I'efecte que les NSI poden tindre en els 
experiments MINOS, OPERA i Double Chooz [TU], i per tant els limits que d'aquests 
es pot obtenir. La motivacio del treball es doble, d'un costat tots tres experiments 
estaran funcionant durant els propers anys, per tant es una informacio de la que 
disposarem en un futur proxim. D'altre costat, OPERA mesurara per primera ve- 
gada I'oscil-lacio Uj. detectant directament els z/^ i te, a mes a mes, una relacio 
distancia-energia (L/E) molt diferent a la de MINOS, dues caracten'stiques que es 
sabut que ajuden en I'estudi de les NSI. Els limits que d'aquest estudi i d'altres 
previs s'extrauen seran utilitzats en l'analisi de I'efecte de les NSI en la propagacio 
de neutrins de SN. 

L'estudi de neutrins de SN ve motivat principalment per dues raons. En primer 
Hoc, si una explosio de SN es dones a la nostra galaxia, el nombre d'esdeveniments 
que s'observarien en els experiments presents i futurs seria enorme, de I'ordre de 
0( 10^-10^). En segon Hoc, les condicions extremes que els neutrins travessarien des 
que son creats al nucli de la SN fins ser detectats a la terra, tindria un efecte drastic 
en la seua propagacio. En aquest estudi farem especial emfasi en I'efecte que els 
propis neutrins tenen en la seua evolucio. Al dens flux de neutrins que emergeix del 
nucli d'una SN la refraccio neutri-neutri causa un fenomen de conversio de sabor 
no lineal que es completament diferent a qualsevol efecte induit per la materia 
ordinaria [IIl[l2l[l3l[Ill[l5l[l6l[I7l[l8l[l9l[20]. El principal efecte es un mode 
coMectiu de transformacio de parells de la forma i^e^e ^x^x-, on correspon a 
una superposicio de v^i Vr- Per tindre aquest proces es necessari una gran densitat 
de neutrins i un exces de parells d'algun sabor. Ambdues condicions estan presents 
als models tipics de SN. 

D'un altre costat, com ja s'ha comentat, es presentara I'efecte que pot tindre 
I'existencia de NSI en I'evolucio de neutrins de SN, estudi que es presentara tant en 
absencia [21], com en presencia [22] d'autointeraccio dels neutrins. Una explosio de 
SN es un bon escenari per a fer aquesta analisi, ja que els efectes de NSI xicotetes 
poden veure's amplificats degut a les condicions extremes de densitat de materia 
que troben els neutrins en la seua propagacio. 

Aixi doncs, la present tesi esta organitzada de la segiient forma. Al Capitol [1] 
resumim els coneixements actuals sobre la fisica de les SNe que esclaten per col-lapse 
gravitatori del nucli. Al Capitol [2] discutim el fenomen d'oscil-lacio de neutrins tant 
per a dos com per a tres sabors, en buit i en materia, i sempre en absencia d'un fons 
de neutrins. Al final d'aquest capitol apliquem el formalisme descrit anteriorment 
per a estudiar I'evolucio de neutrins en I'embolcall d'una SN. Al Capitol [3] analitzem 



11 



com la inclusio de les NSI afecta a I'evolucio dels neutrins i recordem els limits actu- 
als sobre els parametres que les caracteritzen. A mes a mes, estudiem el que es pot 
aprendre d'aquestes amb els resultats dels experiments MINOS, OPERA i Double 
Cliooz. Els Capitols S] i E] els dediquem a I'estudi dels efectes de I'autointeraccio 
dels propis neutrins en una SN. Al primer d'aquests capitols, despres de resumir 
el coneixement que del fenomen de transformacio coMectiva de neutrins es te ac- 
tualment, centrem la discussio en un escenari de dos sabors i tractem la qiiestio 
dels efectes multiangulars en aquest fenomen. El Capitol O el dediquem a I'analisi 
de possibles efectes caracteristics de tres neutrins. Al Capitol M estudiem les con- 
seqiiencies de les NSI dels neutrins en la seua evolucio en una SN. Per tal de distingir 
els efectes derivats de les NSI d'aquells que venen de I'autointeraccio dels neutrins, 
comencem menyspreants aquests liltims. A la segona part del capitol incloem ja 
tots els ingredients i discutim el seu efecte conjunt. Per ultim, al Capitol [7] fem un 
breu resum de tot alio analitzat en aquesta tesi doctoral remarcant el punts que 
considerem mes importants del treball. 

Tots els resultats originals discutits en aquesta tesi doctoral han sigut publicats 
en les Refs. [IDl [IH [IH EDI EH [22] : 

• A. Esteban-Pretel, R. Tomas and J. W. F. Valle, "Probing non-standard neu- 
trino interactions with supernova neutrinos," Phys. Rev. D 76 (2007) 053001 
[arXiv:0704.0032 [hep-pli]]. 

• A. Esteban-Pretel, S. Pastor, R. Tomas, G. G. Raffelt and G. Sigl, "Decoher- 
ence in supernova neutrino transformations suppressed by deleptonization," 
Phys. Rev. D 76 (2007) 125018 [arXiv:0706.2498 [astro-ph]]. 

• A. Esteban-Pretel, S. Pastor, R. Tomas, G. G. Raffelt and G. Sigl, "Mu-tau 
neutrino refraction and collective three-flavor transformations in supernovae," 
Phys. Rev. D 77 (2008) 065024 [arXiv:0712.1137 [astro-ph]]. 

• A. Esteban-Pretel, J. W. F. Valle and P. Huber, "Can OPERA help in con- 
straining neutrino non-standard interactions?," Phys. Lett. B 668 (2008) 197 
[arXiv: 0803. 1790 [hep-ph]]. 

• A. Esteban-Pretel, A. Mirizzi, S. Pastor, R. Tomas, G. G. Raffelt, P. D. Serpico 
and G. Sigl, "Role of dense matter in collective supernova neutrino transfor- 
mations," Phys. Rev. D 78 (2008) 085012 [arXiv:0807.0659 [astro-ph]]. 

• A. Esteban-Pretel, R. Tomas and J. W. F. Valle, "Interplay between collec- 
tive effects and non-standard neutrino interactions of supernova neutrinos," 
arXiv:0909.2196 [hep-ph]. 
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Preface 



Neutrino physics has experienced a spectacular breakthrough in the last ten years. 
In June 1998, the Super-Kamiokande Collaboration [1] gave the first important 
step in this direction when they observed a strong evidence of flavor conversion for 
atmospheric neutrinos, those produced from the collision of cosmic rays with the 
atmosphere. However, this result was not a complete surprise. For two decades 
indications favoring this hypothesis had been obtained. A deficit of electron and 
muon neutrinos, compared to the prediction of theoretical models, was observed in 
solar neutrino experiments and previous atmospheric neutrino data, respectively. 
These discrepancies are known as the solar neutrino problem and the atmospheric 
neutrino anomaly. In 2002, flavor neutrino oscillation, within a scheme of mass 
and mixing, was confirmed as the correct mechanism to explain the solar neutrino 
deficit problem. The first data obtained by the KamLAND [2] collaboration, a ter- 
restrial experiment detecting reactor neutrinos, were enough to demonstrate this 
oscillation scenario. In the same direction, and also in 2002, the atmospheric neu- 
trino anomaly was explained using the accelerator neutrino data obtained in the 
K2K [5] experiment. Later on, MINOS [Ij would not only confirm this result but 
would also increase, and continues to do so, the precision in the determination of 
the corresponding oscillation parameters. 

The experimental evidence of neutrino oscillations proved that they have mass. 
Therefore, neutrinos being massless within the electro- weak Standard Model (SM), 
it also represented the first robust evidence of physics beyond the SM. With neutrino 
experiments at the threshold of the precision era [S], the determination of neutrino 
properties and their theoretical impact is one of the main goals for astroparticle and 
high energy physicists [6]. Most of the effort is nowadays focused on the precise 
determination of the oscillation parameters and, in a complementary way, on the 
verification of possible sub-leading non-oscillation effects, such as spin and flavor 
conversions [H [S] or possible non-standard neutrino interactions (NSI from now 
on) [9] . Their determination would open a unique window to explore physics beyond 
the SM. 

The present thesis aims to be an analysis of various aspects of neutrino phe- 
nomenology in two different scenarios. On the one hand, we address the study of 
neutrino NSI in accelerator and reactor terrestrial experiments. On the other hand, 
we discuss the propagation of supernova (SN) neutrinos, taking into account the 
recent developments showing the importance that neutrino background may have in 
their evolution. This effect, neglected for a long time, may be of capital importance 
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when trying to understand the neutrino signal from a future galactic SN. Our SN 
neutrino analysis is presented both in absence and presence of NSI. 

The presence of NSI may drastically affect the propagation of neutrinos through 
matter. Thus, it is important to discuss the implications of including these new 
interactions in the future planned neutrino terrestrial experiments. In this sense, we 
have considered the effects that NSI may induce in MINOS, OPERA and Double 
Chooz experiments [10], and the bounds that can be obtained from them. The 
motivation of the work is twofold, on the one hand all three experiments will be 
taking data during the next years, providing valuable information in the near future. 
On the other hand, OPERA will measure for the first time the oscillation channel 
i^fi ^ i^T, detecting directly the z/,-. Moreover, it has a very different distance-energy 
ratio {L/E) than MINOS. Both factors are expected to help in disentangling NSI 
from pure oscillations. The bounds obtained in this study and the previous ones 
will be used in the analysis of NSI effects in the propagation of SN neutrinos. 

The study of SN neutrinos is motivated mainly by two reasons. First, if a future 
SN explosion takes place in our galaxy, an enormous number of neutrino events are 
expected in the present and future planned detectors, O(IO'^-IO^). Second, the ex- 
treme conditions under which neutrinos travel since they are created in the SN core 
until they are detected at the Earth, would have a dramatic effect in their propaga- 
tion. In our study we pay special attention to the effect of the neutrino background 
itself. In the dense neutrino flux emerging from a SN core, neutrino-neutrino re- 
fraction causes non-linear flavor conversion phenomena that are unlike anything 
produced by ordinary matter [HlIiailalllllllSlIISlIIZlIIHlIISlEO]. The crucial phe- 
nomenon is a collective mode of pair transformations of the form UgUf. — > Ux^^x where 
X represents a suitable superposition of z/^ and 1/^. Collective pair transformations 
require a large neutrino density and a pair excess of a given flavor. Both conditions 
are present in typical SN models. 

On the other hand, as it has already been commented, we will discuss the effect 
that the existence of NSI would have in the evolution of SN neutrinos. This study 
will be done both in absence [21], and presence [22] of neutrino-neutrino interactions. 
A SN explosion is an attractive scenario to study NSI, since the effect of small NSI 
can be amplified due to the extreme conditions found in the SNe. 

The present thesis is therefore organized as follows. In Chapter [T] we review the 
current knowledge on core collapse SN physics. In Chapter [2] we discuss the neutrino 
oscillation phenomenon for two and three flavors, in vacuum and matter, but always 
in the absence of a neutrino background. At the end of this chapter we apply the 
formalism previously described to study the evolution of neutrinos through the SN 
envelope. In Chapter [3] we analyze how the inclusion of NSI affects the evolution of 
neutrinos and review the current bounds on the parameters that characterize them. 
Furthermore, we study what we can learn about NSI from the results of MINOS, 
OPERA and Double Chooz experiments. Chapters [Hand [5] are devoted to the study 
of neutrino- neutrino interactions in the SN context. In the first one, after reviewing 
the current knowledge on the collective neutrino transformation phenomenon, we 
center the discussion in the two flavor scenario and address the question of multi- 
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angle effects in this phenomenon. In Chapter [5] we analyze the possible three ffavor 
characteristic effects. In Chapter [6] we study the consequences that NSI would have 
in neutrino evolution through the SN envelope. In order to separate the effects of NSI 
from those of neutrino-neutrino interaction, we start by neglecting the latter. In the 
second part of the chapter we include all the ingredients, and discuss the interplay 
among them. Finally, in chapter [7] we briefly summarize the topics discussed in the 
present Ph.D. thesis emphasizing the points that we consider of most interest. 
All the original results presented in this Ph.D. thesis have been published in 

Refs. [ini[I71[ISl[2niEIl[22]: 

• A. Esteban-Pretel, R. Tomas and J. W. F. Valle, "Probing non-standard neu- 
trino interactions with supernova neutrinos," Phys. Rev. D 76 (2007) 053001 
[arXiv:0704.0032 [hep-ph]]. 

• A. Esteban-Pretel, S. Pastor, R. Tomas, G. G. Raffelt and G. Sigl, "Decoher- 
ence in supernova neutrino transformations suppressed by deleptonization," 
Phys. Rev. D 76 (2007) 125018 [arXiv:0706.2498 [astro-ph]]. 

• A. Esteban-Pretel, S. Pastor, R. Tomas, G. G. Raffelt and G. Sigl, "Mu-tau 
neutrino refraction and collective three-flavor transformations in supernovae," 
Phys. Rev. D 77 (2008) 065024 [arXiv:0712.1137 [astro-ph]]. 

• A. Esteban-Pretel, J. W. F. Valle and P. Ruber, "Can OPERA help in con- 
straining neutrino non-standard interactions?," Phys. Lett. B 668 (2008) 197 
[arXiv:0803.1790 [hep-ph]]. 

• A. Esteban-Pretel, A. Mirizzi, S. Pastor, R. Tomas, G. G. Raffelt, P. D. Serpico 
and G. Sigl, "Role of dense matter in collective supernova neutrino transfor- 
mations," Phys. Rev. D 78 (2008) 085012 [arXiv:0807.0659 [astro-ph]]. 

• A. Esteban-Pretel, R. Tomas and J. W. F. Valle, "Interplay between collec- 
tive effects and non-standard neutrino interactions of supernova neutrinos," 
arXiv:0909.2196 [hep-ph]. 
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Chapter 1 

Core Collapse Supernovae 



One of the most spectacular cosmic events is a core collapse supernova (SN) explo- 
sion. It means the death of a massive star and gives birth to the most exotic states 
of matter known, neutron stars and black holes. SN explosions determine also the 
evolution of galaxies, since most of the heavy elements in nature, with mass number 
A > 70, are thought to be created through the s- and r- (slow and rapid) processes. 
It has long been thought that the latter take place in this kind of events. Elements 
that will afterwards serve as raw material in the creation of new stars and planets. 

Such an event involves as much instantaneous power as all the rest of the lumi- 
nous visible Universe combined, it releases about 10^^ erg s~^ (~ 10^^ J s~^) during 
some tens of seconds. Around 99% of this energy is emitted as neutrinos. They are, 
therefore, expected to play a crucial role in the SN evolution. 

There exist, though, different types of SNe, and not all of them are the conse- 
quence of the collapse of a massive star core. 

1.1 Supernova types 

The work of SN classification started with Minkowski [23] (1941) who divided them 
in two types, whether they did (type II) or did not (type I) show hydrogen lines 
in their spectra. Nevertheless, a detailed classification of SNe according to observa- 
tional criteria needs, besides the identification of the characteristics in the spectrum, 
an analysis of the line profile, luminosities and spectral evolution. In Fig. 11.11 we 
show this classification schematically. 

Another criterion used in the classification of SNe is according to the explosion 
mechanism, under which we can distinguish two big groups: thermonuclear and core 
collapse explosions. 

1.1.1 SNIa: Thermonuclear explosion 

SNIa are quite homogeneous events with similar luminosity and spectral evolutions. 
Indeed until the 1990s it was commonly accepted that all SNIa explosions were 
identical, and that the observed differences came from observational errors. Thanks 
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Core Collapse Supernovae 



Supernova taxonomy 

H 




Hypernovae 



Figure 1.1: SN classification according to observational criteria [24j . 



to this homogeneity this kind of SNe are used as standard candles in determining 
distances to far galaxies. Type la SNe also provide a strong evidence for an accel- 
erating Universe, and are the best single tool for directly measuring the density of 
dark energy. 

From an observational point of view, their spectrum is characterized by the 
absence of hydrogen lines and the presence of silicon lines, see Fig. 11.11 The emission 
of elements like oxygen is not very important, which means that the progenitor star 
was not very massive. They have been observed in elliptical and spiral galaxies 
formed by old stars. 

According to these observational features, the standard scenario for the SNIa ex- 
plosion consists of a binary system where one of the stars is a white dwarf which ac- 
cretes matter from the secondary star. The increment in mass leads to an increment 
in temperature for the central region of the star, until the threshold temperature of 
the carbon burning is reached. The high degeneracy of the stellar material turns 
the combustion regime unstable and triggers the thermonuclear explosion. After 
the explosion the progenitor star is completely destroyed, resulting in an expanding 
nebula without a central compact object. 

The total energy released in type la SNe is approximately 3 x 10^^ erg. Neutrinos 
carry just the 1% of this energy, and thus do not seem to play an important role in 
thermonuclear SNe. Since neutrinos are the main subject of this thesis, we will not 
further discuss this type of SN. 

1.1.2 SNIb, SNIc, SNII: Core collapse explosion 

The second group of SNe is much more heterogeneous. On the one hand, SNIb and 
SNIc, just as SNIa, do not have hydrogen lines in their spectra, but contrary to 



1.1 Supernova types 



19 



these, SNIb and SNIc also show an absence of sihcon hnes. Finally, SNIb present 
helium lines, while SNIc do not. 

On the other hand we have type II SNe which contain hydrogen in the spectrum. 
These are also subclassified: SNII-P, in which after a maximum the luminosity curve 
remains fairly constant for 2-3 months, forming a plateau (e.g. SN 1987A), see 
Fig. ll.lj SNII-L, in which the luminosity falls rather linearly with time. Nevertheless, 
there is no clear separation between these two SN types and lots of intermediate cases 
exist. A third subtype of SNII is known as Iln, where the "n" stands for narrow-line, 
since their spectra show narrow components on top of the broader emissions. They 
are very bright and show a slow evolution. Some SNe seem to change along their 
evolution from a SNII, in the early phases, to a SNIb in the nebular phase, and are 
therefore classified as SNIIb. Finally, one very interesting development in the field 
of SNe has been the discovery of a very energetic type of them in the late 1990s, 
known as Hypernovae. The kinetic energy of such an event exceeds 10^^ erg, which 
is 10 times larger than that of a usual SN explosion. These high energetic SNe have 
been observed as type Ic and Iln, and some hints exist that they might be related 
to 7-ray bursts [25] . 

This kind of explosions have been observed mainly in regions populated by young 
stars and presenting high stellar formation activity, like the arms of spiral galaxies. 
This is due to the fact that the evolution of this type of SN is much faster than 
the SNIa type. They are also less luminous than these and present a heterogeneous 
behavior on every aspect. More specifically the luminosity curves are different for 
each case, depending on the structure of the progenitor star. They are therefore not 
useful as standard candles. 

The differences in the SN spectra are due to the loss of different envelope lay- 
ers at some point of the evolution: SNIb ejects the hydrogen layer while SNIc also 
loses the helium layer. In spite of these spectral differences, SNIb, SNIc and SNII 
are all the result of the same explosion mechanism, related to the death of massive 
stars (M > 8Mq). At the end of their life, massive stars accumulate iron in their 
center after several nuclear burning stages. When the iron core reaches a certain 
mass it becomes unstable and the collapse starts. According to the so called de- 
layed explosion mechanism, the collapse is inverted into an explosion and a shock 
wave traverses the star, expelling the material found in its way. This explosion is 
accompanied with the formation of a neutron star or a black hole. 

The total energy released in this kind of explosion is of the order of 10^^ erg, 
from which only the 1% is released as kinetic energy of the expelled material and 
approximately 0.01% as light. The rest of the energy is emitted in the form of 
neutrinos, which will, therefore, be very important in the core collapse SN explosions, 
and may play a determinant role in the effective realization of the process. 

The detection of neutrinos coming from such an event would be crucial for dif- 
ferent reasons: 

• Neutrinos, contrary to photons, emerge from the deepest regions of the star, 
since they are much more weakly interacting particles than photons. Neutrino 
detection would therefore be the only way, apart from gravitational waves, to 
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obtain information of the inner layers of the star, highly important for the 
understanding of the explosion mechanism. 

• While neutrinos escape the star seconds after the collapse, photons remain 
trapped and are only emitted from the envelope with a delay of several hours 
with respect to them. Therefore, neutrinos are the first signal expected from 
the explosion and could serve as an early warning system for galactic SNe. 

• It can occur that the SN is optically obscured, or that the stellar collapse does 
not produce an explosion and creates a black hole. In such cases, the detection 
of neutrinos would be very important if not the only observable effect of the 
SN. 

1.2 Core collapse supernova dynamics 

The main topic of the present thesis is SNe as neutrino sources, thus we will study 
the type of SN where neutrinos play an important role, namely core collapse SNe 
(SNIb, SNIc and SNII). In order to understand the physical processes involved in 
the SN, it is useful to distinguish four stages in the phenomenon: 

• The life of the progenitor star 

• Stellar core collapse 

• Deleptonization and cooling 

• Supernova explosion 

1.2.1 The life of the progenitor star 

During its life a star must keep an equilibrium between two possible fatal effects 
working in opposite directions. On the one hand the gravitational force tends to 
collapse the star, on the other hand the thermal pressure tends to expand it. In 
order to maintain this equilibrium the star will undergo a series of nuclear burning 
stages. 

Initially the hydrogen in the star will be transformed into helium through nuclear 
fusion reactions. When there is no more hydrogen in the center of the star this 
process can no longer compensate the gravitational force. As the star contracts, 
the density and temperature increase, and eventually the conditions for the helium 
burning are reached, stabilizing the system once more. This situation repeats itself, 
leading to carbon, neon, oxygen and silicon burning stages, where each time the 
new fuel is the product of the previous reactions. The energy released at each new 
step of the chain is smaller every time, while the energy losses are larger, leading to 
shorter and shorter periods of burning. In this way, while the hydrogen combustion 
can last for hundreds of millions of years the silicon sustains the star typically for 
no longer than days, see Table II. 1[ 
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Table 1.1: Evolution of a 15 Mq star [26]. Here "s.u." stands for solar units, 
and the luminosity and neutrino losses are given normalized to the ones of the Sun: 
Lq = 3.839 X 10^3 erg/s and the Sun emits 2 x 10'^^ neutrinos per second. 
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After several burning stages the initial composition of hydrogen and helium turns 
into the onion-shell structure, as schematically shown in Fig. 11.21 Stars with masses 
above IIMq will have a core mainly composed of Fe and Ni, while stars under that 
limit will have an 0-Ne-Mg core. The ignition of the iron core will never occur, 
since it is the nucleus with the largest binding energy. At this point the fate of the 
star will depend on whether the iron core reaches or not the Chandrasekhar mass 
(Mch = 5.8Y^Mq ^ 1.2-1.5M0, where is the lepton fraction, i.e. number of 
leptons per baryon). 

The Chandrasekhar limit is a stability criterion for compact objects like white 
dwarfs or the iron core of a massive star. Such objects are stabilized by electron de- 
generacy pressure. Depending on its mass, whether being above or below the Chan- 
drasekhar limit, the star will follow different paths: M < Met, electrons become 
non-relativistic, stabilizing the star again; M > Mch (SN case), the degeneration of 
electrons cannot compensate the gravitational pressure and the star collapses. 

1.2.2 Stellar core collapse 

As soon as the last stage of nuclear burning begins at the center of the star, it 
starts developing a degenerate core formed by iron group elements, covered by a 
silicon crust. The iron core will continuously grow as the nuclear reactions at the 
border with the silicon layer add new material to it. Since the iron ignition will 
never occur this situation will not be stable for a long time. We have an inert 
sphere under a huge pressure, which is a configuration similar to that of a white 
dwarf. The stationary equilibrium is obtained thanks to the electron degeneration 
pressure, which is subjected to the Chandrasekhar limit, and is in this case around 
1.2-1.5M„. 
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Figure 1.2: Schematic picture of the onion structure developed in a typical progenitor. 
A) Start of the collapse 

We end up then with an iron white dwarf of around 1.5Mq, a central density of 
about 3.7 X 10^ g cm~^, a central temperature of around 0.69 MeV and an electron 
fraction (number of electrons per baryon) of ^ 0.42. This last stage developes 
very fast and the iron core reaches the Chandrasekhar limit in days. At this point 
the electron degeneration pressure can no longer sustain the star and the collapse 
starts, lasting less than a second. 

The rise in density and temperature originated by the collapse leads to new pro- 
cesses that accelerate the infall. There will be different processes involved, depending 
on the progenitor mass. The main ones are: 

• Electron capture (I5-2OM0). Due to the high densities attained during the 
collapse we will obtain electron capture by heavy elements, 

e-{Z,A)~^Ue{Z-l,A) , (1.1) 

such as, 

^^Mg + e- ^ 24Na + i/e , (1.2) 

^'^Fe + e" ^ ^"^Mn + i^e • (1-3) 

These processes have not only the effect of reducing the electron degeneration 
pressure by removing free electrons from the medium, but are also responsible 
for a huge energy loss in form of neutrinos. This is the first of the four neutrino 
emission phases. 

• Nuclei photodissociation (> 20Mq). In such massive stars the high tem- 
peratures reached make the iron nuclei photodissociation to be an important 
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source of energy loss. The iron atoms are disintegrated in a particles due to 
the absorption of high energy photons, 

^^Fe + 7 ^ 13 ^He + 4n - 124.4 MeV . (1.4) 

The fast contraction of the star releases a big amount of gravitational energy, 
most of which is absorbed in the photodissociation of the iron atoms. Part of 
the energy required in these processes is obtained from the electrons, leading 
to a reduction of their pressure. 

The net result in both cases is the acceleration of the collapse. 

B) Neutrino trapping 

We could say that the first stage of the collapse comes to an end when the density 
of the stellar core reaches a value of about 10^^ g cm~'^. This is by no means the 
maximum density the core will register, since it continues to contract. Nevertheless, 
it marks an important point in the SN evolution: at this density matter becomes 
opaque to neutrinos, contrary to the initial moments of the collapse, where neutrinos 
can freely escape the star. The dominant opacity source for neutrinos in the collapse 
is neutral current interactions with heavy elements. The coherent scattering cross 
section for these processes is proportional to . 

The confinement is not permanent and after several interactions the neutrino 
would eventually escape the core. The diffusion time, though, is longer than the 
dynamic time of the collapse, leading to an effective confinement. One can define the 
neutrino sphere (Ru) as the surface where the optical depth of neutrinos, A~^dr', 
becomes unity. This radius is shown in Fig. 11.41 as a function of time with a dotted 
line. One can approximately consider the region inside the neutrino sphere opaque 
to neutrinos and the exterior transparent. 

The main consequences of the neutrino trapping are: 

• Lepton fraction conservation, Y/, = Ye + — 0.35, during the collapse. Once 
neutrinos are trapped, they become degenerate, as the electrons, and reach /3 
equilibrium, 

e~ + p i — > n + i^e • (1-5) 

• Change in the nuclear state. The degeneration of neutrinos leads to a sup- 
pression of the neutronization process (protons convert to neutrons through 
electron capture), since the neutrino emission derived from it is forbidden by 
the Pauli exclusion principle. Therefore heavy nuclei do not melt into free 
nucleons until the density approaches the nuclear density. 

C) Core bounce and shock wave formation 

The electron captures produced at the first stages of the collapse will not only reduce 
the electron degeneration pressure but also the electron fraction, and therefore Mch- 
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On the other hand, there is a change in the role played by this parameter in the SN 
dynamics. While initially it represented the largest amount of mass that could be 
supported by the electron pressure, it now becomes the largest amount of mass that 
can collapse homologously. As a consequence the collapsing core is considered to be 
composed of two parts (stage 1 of Fig. II. 3p : 

• inner core {Ric in Fig. II. 4p . collapsing homologously and subsonically. 

• outer core (i?Fe in Fig. II. 4p . collapsing supersonically in a free fall. 

The collapse continues and the central density keeps growing until nuclear matter 
densities are reached (~ 1-3 x 10^^ g cm~'^). At this point the nucleons and nuclei 
in the inner core merge to form a macroscopic state of nuclear matter. Due to 
Fermi effects and the repulsive nature of the nucleon-nucleon interactions at short 
distances, there is a dramatic rise in pressure. Consequently the inner core becomes 
incompressible and rebounds (stages 3-5 of Fig. 11.31) . The core bounce generates 
sound waves that start propagating radially out of the inner core. They will not 
get very far though, since the material in the outer core is falling supersonically, 
forcing them to accumulate at the sonic point (border between the subsonically 
infalling inner core and the supersonically infalling outer core). The net effect is the 
formation of a density, pressure, and velocity discontinuity in the flow, i.e., a shock 
wave, which acquires more and more energy and almost immediately propagates to 
the outer part of the iron core. 

1.2.3 Deleptonization and cooling 

A) Neutronization burst 

Once the core bounces and the shock wave is created, it starts propagating out- 
wards, dissociating nuclei into free nucleons (stages 5-7 of Fig. II. 3p . Since the 
electron capture cross section on free protons is larger than the one on nuclei, an 
enormous amount of electron neutrinos are created through the neutronization re- 
action e~ + p ^ n + Ug, in those regions affected by the shock wave. As already 
explained, neutrinos are initially trapped due to the large density of the medium. 
The situation changes when the shock wave gets to the neutrino sphere dissociating 
the iron nuclei, some of the pressure is relieved and neutrinos can freely escape. This 
sudden neutrino emission leads to a momentary rise in the luminosity up to 10^^ erg 
s~^, known as neutronization burst or prompt neutrino burst, and constitutes the 
second stage of the neutrino emission. The duration of this peak is < 10 ms, and is 
shown in Fig. 11.61 

The two processes here described, namely nuclei dissociation and neutrino emis- 
sion, are responsible for an energy loss in the shock wave which gets stalled in the 
iron core at a few hundred km. Its revival is one of the most important issues cur- 
rently discussed in the theory of gravitational core collapse SNe. 
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Figure 1.3: Different stages of the SN evolution. The core separates into an inner, 
subsonically collapsing core and an outer, supersonically collapsing core. When the core 
is no longer compressible it bounces, generating a shock wave which propagates outwards 
and ultimately will produce the SN explosion [27] . 
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Figure 1.4: Schematic picture of stellar core collapse, formation of the neutron star 
remnant and the start of the SN explosion. The figure shows particular radial positions in 
the star's central region as they evolve in time. The evolution can be divided in four stages: 
1. collapse phase, 2. neutronization burst, 3. matter accretion phase, 4. protoneutron star 
cooling phase. i?Fe is the radius of the stellar iron core, Ric is the inner core, Ri, is the 
neutrino sphere and -Rshock indicates the shock wave position |28j . 

B) Matter accretion and mantle cooling 

At this point the situation is as represented in Fig. II. 5[ Under the shock wave 
remains a central radiating object, the proto-neutron star (PNS), which will go on 
to form a neutron star or a black hole. The PNS has a relatively cold inner part, 
below the point where the shock wave was formed, composed of neutrons, protons, 
electrons and neutrinos {Yl ~ 0.35). Surrounding this region there is a hot mantle 
formed by "shocked" nuclear material with low lepton number. 

Since this mantle is hot (T > (9(10) MeV) and has a relatively low density, the 
electrons are not quite degenerate and relativistic thermal positrons can be created. 
Their presence will give rise to the appearance of neutrinos through + n — > I'e+P 
and + e~ u + u reactions. This point marks the third phase in the neutrino 
emission. In contrast to the neutronization burst, where only electron neutrinos are 
emitted, here all three flavors of neutrinos and antineutrinos are created and emitted 
as the mantle cools and contracts in the Kelvin-Helmholtz cooling phase. 

On top of that, the external core accretes material over the PNS. The gravita- 
tional energy released in this process is transformed into thermal energy and emitted 
as thermal neutrinos. This stage lasts between 10 ms and 1 s, and the neutrino lumi- 
nosities remain in an average value of ~ 10^^ erg s~^ thanks to the accreted material. 
We therefore obtain that the cooling and the neutronization/deleptonization take 
place for the shocked outer regions earlier than for the inner regions. 
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Figure 1.5: Schematic representation of the exploding star after the shock wave passage 
in the reheating phase. Below the neutrino sphere we have the central radiating proto- 
neutron star while above it, but below the stalled shock wave, there is a net cooling region 
and a net heating region, mediated by electron neutrino and antineutrino absorption and 
emission [27] . 

C) Proto-neutron star 

In this stage (also known as Kelvin-Helmholtz cooling phase), the part of the star 
that has not been ejected during the explosion evolves from a hot and lepton rich 
configuration (PNS) to a cold and deleptonized neutron star. 

This stage represents the fourth and last of the neutrino emission phases. Once 
the explosion starts, after the accretion phase, there is a dramatic decrease in lu- 
minosity. As shown in Fig. II. 6^ we observe an exponential fall in the neutrino 
luminosity characteristic of the neutron star formation and its cooling. 

1.2.4 Supernova Explosion 

The simplest scenario for a SN to take place would be that where the shock wave 
has enough energy to go beyond all the infalling material and blow up the star. In 
less than a second it would leave the iron core and a moment later would eject the 
remaining outer layers, producing a purely hydrodynamical explosion in a time scale 
of about 10 ms. This is the so called prompt explosion scenario [30] and in order 
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Figure 1.6: Schematic neutrino luminosity curves for the different emission phases, cor- 
responding to (solid line), (dot-dash line) and each of the non-electron neutrinos 
(dashed line) [29]. 

to be successful one needs a sufficiently small and cold core and a soft equation of 
state. Nevertheless, in general, numerical simulations do not seem to confirm such 
a simple scenario as the one chosen by nature to carry out the final SN explosion. 

The shock wave undergoes a series of processes, resulting in energy losses which 
progressively weakens it and ultimately stops its progression. On the other hand 
SNe are not a theoretical hypothesis, but take place in the Universe. This is why a 
lot of effort has been focused in determining the way the shock wave is revived and 
the explosion is obtained in the delayed mechanism. 

Different ingredients are being considered as possible contributions to the phe- 
nomenon, and a combination of them may actually be involved in the SN explosion 
mechanism: heating of the postshock region by neutrinos, multi-dimensional hy- 
drodynamic instabilities of the accretion shock, in the postshock region, and in the 
PNS, rotation, PNS pulsations, magnetic fields, and nuclear burning. 

Three SN explosion mechanisms are centering nowadays the discussion |31j : 

• The neutrino mechanism, where the shock wave is reactivated by the electron 
neutrinos and antineutrinos coming out the PNS. Part of these are absorbed by 
protons and neutrons behind the shock wave, providing the energy required. 
This mechanism was proposed by Wilson and Bethe [32], and although the 
energy released in form of neutrinos is by far larger than the energy needed to 
drive the explosion, it is very difficult to clarify the role played by the neutrino 
heating in the SN explosion mechanism. 
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• The magneto-rotational or magneto-hydrodynamic (MHD) [331 IM] mecha- 
nism, where the needed energy would be obtained from the rapid rotation 
of the collapsing stellar core and the amplification of magnetic fields through 
compression and wrapping. Such scenarios seem plausible in the cases of hy- 
pernovae, leading to jet-like explosions, but are disfavored for ordinary SNe 
because of the slow rotation of their progenitors predicted by stellar evolution 
calculations. 

• The acoustic mechanism, recently proposed by Burrows et al. [351 136]. relies 
on the acoustic power generated in the core of the PNS. According to this 
mechanism, the energy produced in the large-amplitude core motions would 
be transported via strong sound waves to the postshock region and deposited 
there, eventually triggering the late explosions at > 1 s after bounce. This 
mechanism appears to be sufficiently robust to blow up even the most massive 
and extended progenitors, but has so far not been confirmed by other groups. 
Although the acoustic modes are also found in other numerical simulations, 
like the ones performed by the Garching group [21], their amplitude seem to 
be much smaller, leading to no practical effects. 



1.3 Expected neutrino signal 

Independently of the concrete SN explosion mechanism, presumably there are several 
characteristics regarding neutrinos that must result from such an event. Let us here 
review the most important ones. 



1.3.1 General properties 

The energy released in such an event comes from the gravitational binding energy 
of the compact star born after the collapse 
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It seems reasonable to assume approximate equipartition of this energy among the 
different neutrino flavors, receiving E^/Q each of the 6 degrees of freedom that 
conform the standard (anti)neutrinos. 

These neutrinos are trapped inside the PNS due to its huge density, being released 
only after several collisions from a surface of r ^ 10-20 km. The gravitational 
pressure of this compact object is sustained by the thermal pressure, as long as 



-'^All the estimates given in this section are calculated using Newtonian physics. 
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matter near its surface is not degenerate. We can make use of the virial theorem in 
order to obtain the mean kinetic energy of a typical nucleon near the PNS surface, 

(E..) = -liEo) « icw^^ . (1.7) 

leading to a typical value for the temperature of order 10 MeV, which will therefore 
characterize the thermal neutrinos released. 

As for the duration of the emission, it should be a multiple of the typical diffusion 
time, 

tdiS ~ i?Ns/A , (1-8) 

where A stands for the mean free path. In order to give an estimate of tdifr we use 
the scattering cross section off non-relativistic nucleons, a ~ Cj^El/n = 1.7 x 10~^^ 
CTo^lE^/lO MeV)^ and an approximate density of po ~ 3 x 10^^ g cm~^. Using 
characteristic values of the involved quantities we obtain a A ~ 300 cm for neutrinos 
of 30 MeV, which leads to a diffusion time of order tdifr = ^'(l s). 

1.3.2 Energies and spectra 

We have then some generic features of neutrinos coming out of the SN core, con- 
firmed by numerical simulations of neutrino transport. Furthermore it is obvious 
that the nature of the scenario we are dealing with will give rise to substantial 
differences among neutrino flavors. Let us try to analyze some of them. 

On top of the average neutrino energy of 10 MeV previously motivated, all 
numerical simulations seem to obtain the same hierarchy for the specific flavor av- 
erage energies. According to the simulations, electron neutrinos would start their 
free streaming above the neutrino sphere with a lower average energy than elec- 
tron antineutrinos, which in turn have a lower average energy than muon and tau 
(anti)neutrinos, {E^J < (Ep^) < {E^J {v^ = ^fi, J^r, J^fi, i^r)- This can be understood 
by using some simple arguments. 

The top panel of Fig. 11.71 shows schematically the propagation of Ue and z/g 
throughout the SN. The main reactions responsible for keeping them trapped inside 
the core in thermal equilibrium are j3 processes: neutron capture and proton capture, 
respectively. The energy dependence of these reactions is exactly the same, leading 
in principle to equal energy spectra for both types of neutrinos. Nevertheless, this is 
not the whole story, since the core of the star, in its way of becoming a neutron star, 
contains more neutrons than protons, and this difference will only grow with time. 
As a consequence u^s have a higher absorption rate than z/g's, which is translated 
into a deeper i/g neutrino sphere. The radius where neutrinos decouple from the PNS 
will determine their energy, higher radius means lower densities and temperatures. 
Since this argument applies for all neutrino energies, the mean energy of the emitted 
Uf. will always be larger than the mean energy of the z/g. 

Concerning the remaining part of the energy hierarchy relation, the bottom panel 
of Fig. 11.71 shows schematically the non-electron neutrino transport. Since there are 
no /i nor r leptons in the medium and therefore neutrinos do not experience 
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Figure 1.7: Schematic representation of the neutrino evolution through the star, showing 
the different neutrino spheres. The top panel correspond to fg and Uf, and the bottom one 
to non-electron neutrinos |37j . 

charged currents, we would naively expect them to decouple deeper inside the PNS, 
compared to electron flavor neutrinos. The situation is a bit more complicated 
though. It is true that there are no charged current interactions for Vx-, but they suffer 
from a variety of neutral currents that must be taken into account. According to 
the dominant interactions taking place we can distinguish four regimes of evolution 
separated by different spheres: number sphere, energy sphere and transport sphere. 

In the innermost region the non-electron neutrinos are kept in thermal equilib- 
rium by energy exchanging scattering processes and the following pair processes: 
Bremsstrahlung A^A^ ^ NNuu, neutrino-pair annihilation Uei^e ^ and electron- 
positron-pair annihilation e^e~ ^ vv. The radius where these interactions become 
inefficient defines the number sphere. 

Beyond this point z/^^'s are no longer in thermal equilibrium, although they still 
exchange energy with the medium via scattering reactions: Nv — s> Nv and e^v ^ 
e^v. However, the two processes are qualitatively very different. Scattering on e^ 
is less frequent since the interaction cross section is smaller and there are fewer 
e^ than nucleons. On the other hand the amount of energy exchanged in each 
interaction with e^ is very large compared to the small recoil of nucleons. At the 
radius, where scattering on e^ freezes out lies the energy sphere. A diffusive regime 
starts, where neutrinos only scatter on nucleons and therefore exchange little energy 
in each reaction. This regime is terminated by the transport sphere, defined by 
the radius at which also scattering on nucleons becomes ineffective and the start 
streaming freely. 
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Due to its dependence on the square of neutrino energy the nucleon scattering 
cross section has a filter effect, because it tends to scatter high energy neutrinos more 
frequently [3S]- The position of the number sphere determines the flux, because 
neutrino creation is not effective beyond that radius. The Vx flux that passes the 
number sphere is conserved. On the other hand, the mean energy of Vx in this area 
is still significantly lowered due to scattering processes before the leave the star. 
The mean energy of Vx emerging the star is usually found to be larger than that 
of z/e. 

Typical values for the mean energies obtained in numerical simulations are: 

( 10-12 MeV 

{E^) = } 14-18 MeV (1.9) 
( 18-24 MeV u^,r,ly^.,r 

As for the number fluxes, there is again a hierarchy relation among them. The 
non-electron flavor ones are smaller than those of z/g because the energy is found to 
be approximately equipartitioned between the flavors. Similarly, since the lepton 
number is carried away in z/g's, their number flux is larger than that of Ue, so that 
again the energy is approximately equipartitioned between and z/g. In summary, 
we obtain the hierarchy in the number fluxes: E^^ > Ep^ > E^^ = Ep^. 

Throughout the literature one can find different forms of parameterizing the non- 
thermal spectra of the neutrino fluxes. Two of them are the most used. The first 
one is the quasi Fermi-Dirac distribution: 

where E is the neutrino energy, and and 77^ denote an effective temperature 
and degeneracy parameter (chemical potential), respectively. The distribution is 
normalized so that stands for the total number of z/ emitted. The function 
fniVu) is defined as 



/ ^37— rdx. (1.11) 

The mean energy is consequently {E,^) = [fz{'Uy)/f2ijly)\Tv^ and the total energy 
released is El°^ = ^^{Ey). 

The second parametrization, shown in Fig. 11.81 has been recently introduced by 
the Garching group and fits better their numerical results [37] : 
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where a describes a possible deformation with respect to a Fermi-Dirac distribution. 

Fig. 11.91 shows a numerical simulation where we can see the mean energies (de- 
noted by e) and the luminosities. In this simulation we can identify all the features 
we have been discussing in this section. 
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Figure 1.8: Neutrino fluxes given by Eq. ([132]) . with {E^^) = 12, {Ep^) = 15, {E^J = 18, 
a^^ = 3.5, ap^ = 4 and a^^ = 3. The flux is given in arbitrary units (a.u.) so that 
= 1.15, = 1 and ^>^, = 0.85. 




Figure 1.9: Numerical result of the first two seconds after the core rebound. Top left: 
Only the mean energy of the i^e's is affected by the neutronization burst. Top right: The 
evolution of the mean energies shows the hierarchy discussed in the text. Bottom left: 
The neutronization explosion lasts for a few ms. Bottom right: Temporal evolution of 
luminosities 1391. 
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Standard Neutrino Oscillations 



In the last years, it has been widely demonstrated that neutrinos oscillate from one 
flavor to another. This phenomenon occurs when the interaction and mass bases do 
not coincide, meaning that the particles which propagate are not the same as the 
ones that are created or detected. This has been proven to be the case for neutrinos, 
created via charged current weak interactions as one of the weak eigenstates z/g, t'^ 
and different in general from the propagating mass eigenstates z/i, 1/2 and u^, 
since the mass matrix in the flavor basis is not diagonal. This, as we will later show, 
leads inevitably to neutrino oscillations. 

The first one to address the question of oscillation in the neutrino system was 
Pontecorvo [IQ] in 1957. Inspired in the well known ^ oscillations, Pon- 
tecorvo initially proposed neutrino-antineutrino oscillations. The precise realization 
of the idea in terms of mass and mixing was introduced by Maki, Nakagawa and 
Sakata [H] in 1962 and later developed by Pontecorvo [12] in 1967. 

This phenomenon will affect neutrino propagation through the SN envelope and 
therefore has to be taken into account when studying SN neutrinos. This problem 
can be attacked in two different ways. Either we assume we have under control the 
part involving neutrino properties (masses, mixing and CP-violating phases) and 
try to learn about SN physics (explosion dynamics, SN neutrino fluxes and spectra, 
etc) , or we assume we have a good enough understanding of the SN physics and try 
to improve our knowledge on the neutrino parameters. Throughout this thesis we 
will mainly follow this second approach, trying to gain some insight in the neutrino 
properties, by making some assumptions in the SN models. 

In this chapter we will introduce the basics of neutrino oscillations in different 
steps. We will first treat vacuum oscillations in two and three neutrino scenarios. 
After that we will discuss the effect of neutrino interactions with matter, starting 
with a constant density medium and later consider the varying density case. Finally 
we will apply the formalism discussed in these sections to analyze the evolution of 
neutrinos through SN envelopes. 
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2.1 Vacuum oscillations 



The problem we want to discuss is the probability of observing a neutrino flavor 
eigenstate different than the one created after a certain time. While the natural basis 
to study neutrino interactions is the flavor one, their evolution in vacuum is much 
simpler in the mass eigenstate basis. We can always define a unitary transformation, 
linking both neutrino basis and express the flavor eigenstates (a = e, /x, r) as a 
linear combination of the mass eigenstates z/j {i = 1, 2, 3), 



Wa) = U*i Wt) 



{2.1] 



where we are summing over repeated indexes up to the number of neutrino species. 
The relation for antineutrinos is exactly the same but complex conjugating the 
elements in the mixing matrix U, i.e. = Uai \ ■ Therefore, only for a complex 
U (including a CP violating phase) we would observe a difference in the evolution 
of neutrinos and antineutrinos in vacuum. 

Using Eq. (12. ip . the initial neutrino state at t = can be written as |z^(0)) = 
= U^^lvi). After a time t the mass eigenstates just acquire a phase, leading to 



Ht)) = K^e-'''''\^^) 



(2.2) 



If we now project this state onto a flavor eigenstate we find the probability amplitude 
of finding the initial neutrino in that particular state. 



iEit 



-iEit 



(2.3) 

And finally, squaring this amplitude we obtain what we were looking for, the prob- 
ability of finding |i^/3) at t when creating at t = 0, 



Expanding this last expression we obtain 



\Upi e 



P{u^^iyp) = Y,\Uf3i\^\U. 



* |2 
ai I 



2Re 



(2.4) 



(2.5) 



where we have explicitly written the summation. In all cases of interest to us, the 
neutrinos are relativistic, so that we can approximate. 



2 

mf 



2 

mf 



2p 



2E 



(2.6) 



and rewrite Eq. (12.51) as 



J2up,u:,u;^u^,e- 

M^3 



(2.7) 



in terms of the neutrino squared mass differences. Am?- = m? — m^. 
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2.1.1 Two flavor case 

Let us take a closer look at Eq. 02.71) in the two flavor scenario, i.e. we will only 
consider for the moment and v^. The mixing matrix connecting the flavor and 
interaction basis takes the simple form 

U=( '""'^ ^^"M , (2.8) 
\^ — sm t^o cos Oq J ^ ' 

where 9q is the mixing angle. Making use of Eqs. 02.71) and 02. 8p we obtain the 
oscillation probabilities in two flavors 

where Am? = m\ — mf and L c:^ t (for relativistic neutrinos) is the distance between 
the source and the detector. Unitarity assures that the survival probabilities are 
P(z/e —>■ z/g) = P{i^fi —>■ i^fi) = 1 — P{i^e — i^ti)- Since U is real in the two flavor 
scenario, the same expressions are obtained for antineutrino survival and oscillation 
probabilities. Another convenient way of expressing the transition probability is 
given by 

P{i^e z^m) = sin^ 200 sin^ (^1.27Am'^^^ , (2.10) 

where L is in m and E in MeV or L is in km and E in GeV. 

There are several remarkable features in these expressions. The flrst one is the 
oscillatory behavior in L/E, explaining why we call them neutrino oscillations. In 
Eq. 02.91) we can distinguish two factors: a constant amplitude, sin^2^0; and an 
oscillatory term, sin^(^^-L). If we flrst focus in the amplitude we note that a 
non-zero mixing angle is required to obtain oscillations. On the other extreme, the 
maximum in the amplitude corresponds to a mixing angle of 6q = 45°, maximal 
mixing. Paying now attention to the oscillatory term we observe that no flavor 
transitions would occur for massless neutrinos. Summarizing, neutrino oscillations 
require both mass and mixing to take place. 

Furthermore, {Am?/AE)L must be of order unity if we want to observe the 
oscillatory pattern. We can explicitly deflne the oscillation length, 

AttE , E(MeV) , E(GeV) 

L„,g = — ~ 2.48 m ^ ^ = 2.48 km ^ ^ , 2.11 

Am2 Am2 (eV') Am^ (eV') ^ ' 

which will help us in this argument. For L <^ Lose no oscillations have developed 
yet, the phase in Eq. 02. 9p is very small, leading to no visible effect. On the other 
hand, for a very large phase, L ^ Lose, the transition probability experiences very 
fast oscillations, translated at the detector in the averaged probability over distance 

P(iJ~^^ = P{iJ~^^=^sm'2eo. (2.12) 
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It is also remarkable how the oscillation probability depends on the neutrino 
mass, through the squared mass splittings Am?. The unfortunate consequence is 
that it will not be possible to access the information about the absolute individ- 
ual neutrino masses through oscillation experiments, but only the squared mass 
differences. 














\ -3 / 



2.1.2 Three flavor case 

The number of active neutrino species can be indirectly determined through the 
invisible width of the Z° decay [13]. LEP measured experimentally this quantity, 
obtaining = 2.984±0.008, and proving the existence of only three active neutrino 
flavors, Ue, and Vr- In the three-neutrino scenario the flavor eigenstates are related 
to the mass eigenstates through 

/ Uel Ue2 Ue3 \ f 1^1 \ 

(2.13) 

The simplest unitary form of the lepton mixing matrix, for the case of Dirac neutri- 
nos, is given in terms of three mixing angles 612, 613 and 6*23 and one CP- violating 
phase, 6. The case of Majorana neutrinos is slightly more complicated, adding two 
more phases, ipi and ip2, although they will not affect neutrino oscillations. The 
resulting leptonic mixing matrix U, also known as PMNS matrix, can be factorized 
following e.g. the Particle Data Group [13], into four different matrices, 

U = V23W13VUD = VD , (2.14) 

with 

/ C12 S12 \ / ci3 e-'' \ / 1 

V12 = -S12 C12 , 1^13 = 1 , \^23 = C23 S23 

V 1 / \ -srs e'' C13 / \0 -S23 C23 

(2.15) 

where Cij = cos6ij, Sij = sinOij, and D = diag(e 1, e *'''2). Since the Majorana 
phases do not have any effect on neutrino oscillations, we can omit the D factor, 
resulting in the following expression for Eq. fl2.14p 

(C12C13 S12C13 si3e~'^ \ 

-S12 C23 - C12 S23 si3 e"^ C12 C23 - S12 S23 si3 e*"^ S23C13 . (2.16) 

1(5 iS I 

S12 S23 ~ C12 C23 S13 e — C12 S23 — S12 C23 Si3 e C23 Ci3 y 

Replacing this matrix into Eq. 02. 7p . we obtain the corresponding neutrino oscil- 
lation formulas in three flavors. Contrary to the two-flavor case, the neutrino and 
antineutrino formulas do not coincide, unless 5 = or tt. Even though there are no 
simple expressions in this case, there are several approximations in terms of the two 
flavor ones, that apply for practical purposes, see for instance |44j . 

In the three-neutrino scenario there exist two independent squared mass differ- 
ences, Am|^ and Amg^, that will determine the evolution of neutrinos, while Am32 
can be easily reexpressed in terms of the other two. 
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Normal 



Inverted 





Am-; 



Figure 2.1: Possible neutrino mass hierarchy patterns. The left one shows the normal 
case, while the right one corresponds to inverted hierarchy. The colors show the amount 
of a given flavor eigenstate in each mass eigenstate, according to current best fits for the 
mixing angles. 



2.1.3 Present status of three-flavor neutrino oscillations 

Four of the six neutrino oscillation parameters are rather well determined by the os- 
cillation data, the so called atmospheric (|Am3^|, ^23) and solar (Amli, ^12) neutrino 
parameters, while ^13, 6 and the sign of Am|^ remain unknown [l5l El HHl HZl HSj. 

The status of the atmospheric neutrino parameters is determined by the combi- 
nation of different analyses. On the one hand, of course, we have the atmospheric 
neutrino measurements from Super-Kamiokande [19] , which give the most stringent 
bound on the 23-mixing angle. On the other hand, the determination of |Am|]^| 
is dominated by accelerator experiments, mainly MINOS data [20], while K2K [51] 
basically has no impact any more. The complementarity of these experiments leads 
to the following best fit point and la errors [6] : 

sin2e23 = 0.50tom, lAm^^l = 2.40l[5;J? x 10"^ eV^ . (2.17) 

Although we have quite a good measurement of lAmg^^l, it is not possible to de- 
termine the hierarchy of neutrino masses, i.e. the sign of Am|]^, with the current 
data. 

The determination of the solar neutrino parameters comes from the combina- 
tion of KamLAND reactor experiment [52] and SNO [53], Super-Kamiokande [51], 
Borexino [SS] and Gallex/GNO [SHj solar neutrino experiments. Just as before, the 
determination of each parameter is dominated by one type of experiment. Thus, 612 
is mostly constrained by solar experiments (mainly SNO), while Am^i is basically 
determined by KamLAND. Nevertheless, KamLAND is also starting to help on the 
lower limit of 612. The resulting parameters from this analysis are (at la) [6]: 

sin^ 012 = 0.304+°:°?2 ^ ^^2^ _ 7.65lgJ^ x 10"^ eV^ . (2.18) 

Concerning the 13-mixing angle, at this moment we only have upper bounds 
coming from null results of the short-baseline CHOOZ reactor experiment [57] with 
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parameter 


best fit ±1(7 


2a 


3a 


Am2i [10 ^eV J 


/ .DO„g 20 


'T c\r' oil 

7.25-8.11 


7.05-8.34 


|Am|i| [lO-^eV^] 


2 4n+o-i2 


2.18-2.64 


2.07-2.75 


sin^ 9i2 


n 304+0.022 


0.27-0.35 


0.25-0.37 


sin^ 6^23 




0.39-0.63 


0.36-0.67 


sin^ 6*13 




< 0.040 


< 0.056 



Table 2.1: Best-fit values with la errors, and 2a and 3a intervals (1 d.o.f.) for the 
three-flavor neutrino oscillation parameters from global data, including solar, atmospheric, 
reactor (KamLAND and CHOOZ) and accelerator (K2K and MINOS) experiments [6]. 

some effect also from solar and KamLAND data, especially at low Am|]^ values. At 
90% CL (3cr) the following limits are obtained [6]: 

( 0.060 (0.089) (solar+KamLAND) 
sin2^i3<<^ 0.027 (0.058) (CH00Z+atm+K2K+MIN0S) (2.19) 
[ 0.035 (0.056) (global data) 

Finally, no limit at all has been yet obtained for the CP violating phase in 
neutrino oscillation experiments. 

From solar experiments we know that Am^i, also known as solar squared mass 
difference (Am^^j), is positive, while the sign of Amg^^ or Am^tm; is yet unknown. 
This sign determines what is called the neutrino mass hierarchy, Am|;^ = |Am|]^| 
corresponds to normal hierarchy, and Amg^ = — [Arngj^l to inverted hierarchy. As 
we will later see it will be crucial in the evolution of neutrinos inside the SN. Fig. 12.11 
shows the two possible configurations for the hierarchy of neutrino masses. 

A summary of the current knowledge of the neutrino parameters is given in 
Table 12.11 For a more detailed description of these fits see Refs. [6|, |15] . 



2.2 Neutrino oscillations in matter 

In most experiments, neutrinos travel through matter before being detected. Solar 
neutrinos are emitted from deep inside the Sun and have to travel not only through 
it before hitting the detector but also through part of the Earth at night. Geometry 
tells us that accelerator neutrinos must cross the Earth before being detected, as 
well as most of the atmospheric neutrinos, depending on the original interaction 
point. And of course the ones of most interest to us, SN neutrinos, which traverse 
the whole envelope of the star before finding vacuum. It is therefore of the utmost 
importance to determine the effect of matter in neutrino oscillations. 
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Figure 2.2: Neutrino scattering diagrams. 



2.2.1 Neutrino interactions with matter 

The Standard Model is built over the gauge group SU{3)c ® SU{2)l ® f/(l)y, and 
describes the strong, weak and electromagnetic interactions of matter. According 
to this model, neutrinos are SUiVjc ® U{l)em singlets, and therefore interact only 
via charged (CC) and neutral (NC) weak currents, described by the following La- 
grangians: 

= -^j^-eo.Ll^yo.LW~ , (2.20) 



OL 



= ^^E^-^'^--^?' (2-21) 



2 cos 9w 

u/. 

where g = e/ sm9w, with e the electron charge and 9\y the weak angle, faL = 
|(1 — 75)/q, correspond to the left-handed fermion fields, with a = e, /i, r, 7^ are the 
Dirac matrices, and W~ and are the gauge boson fields. 

The dominant source of neutrino interactions in a medium is coherent forward 
elastic scattering, under which the medium remains unchanged. As first discussed 
by Wolfenstein [H] in 1978, the effect of this coherent process on neutrinos can be 
parameterized as an effective potential affecting their evolution. Ordinary matter is 
composed of electrons, protons and neutrons, but not /i or r leptons (in Chapter H] 
we will study the effect of considering neutrinos as a background medium). As a 
consequence only z/g's participate in CC mediated by the exchange, while all 
neutrino species have equal NC interactions on n, p and e~ mediated by bosons, 
see Fig. O 

Let us start by considering the effective potential induced by CC interactions. 
Its only contribution comes from elastic scattering of u^s on electrons, which in the 
effective low energy limit gives the following term to the interaction Hamiltonian, 

= ^{e7''(l-75)^e}{^e7.(l-75)e} (2.22) 



G 



{z7e7'^(l - 75)z/e}{e7^(l - 75)e} , (2.23) 



V2' 

where = g'^/8M^, and we have applied the Fierz rearrangement in the 

second line. The effective potential Vcc can be calculated as the matrix element of 
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this interaction Hamiltonian: 

Vcc = (^IKTI*) , (2.24) 

wliere \1/ is the wave function of the system of neutrino and medium. We define the 
vector of polarization of electrons as 

Ae = uj\auje , (2.25) 

where Ue is the two component spinor. Suppose electrons have some density distri- 
bution over the momentum, and polarization Ag: 



(2.26) 



/(Ae,Pe) 

(27r)3 ■ 

Then the total number density of electrons, N^., equals 

^e = E/^/(^"^-^"'^)- (2-27) 

A 

The average polarization of electrons is defined as 

A 

The matrix element of Eq. (12.241) can be calculated as 

/(Ae,Pe)(eM|e7,(l-75)e|e,,,) . (2.29) 



A 



In the case of an unpolarized medium, Ae = 0, only the vector current contributes 
to the potential: 

^cc = ^c^c(Pe) = 1^ (^1 - ^ j , (2.30) 

where ky = p,y/\pu\ with p,y being the neutrino momentum, Ef. is the energy of 
electrons. In the case of a moving medium both 70 and the space components of the 
vector current, 7, give non-zero contribution. The former gives the electron density, 
A'^g, while the latter is also proportional to the velocity of electrons in the medium: 
(ipel'yl'ipe) oc V and [58l [59] 

— V ■ COS (3) , (2.31) 
where (3 is the angle between the momenta of the electrons and neutrinos. 
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If such unpolarized medium is composed of non-relativistic electrons or ultra- 
relativistic electrons from an isotropic distribution, the only non-zero contribution 
to the potential comes from the 70 term. Therefore the second term in Eq. (12.311) 
disappears and we obtain [ojll 

Vcc = V2GfN, . (2.32) 

We can determine in an analogous way the effective potential due to NC inter- 
actions that affect all neutrino flavors. The result is the following: 

Fnc = -V2GfNJ2 . (2.33) 

It is important to notice here that, besides these tree level contributions to the 
matter potential, another one arises from radiative corrections to neutral-current of 
z/^ and Uj. scattering. Although there are no /i nor r leptons in normal matter, they 
can appear as virtual states, causing a shift between z/^ and z/^ due to the difference 
in the /i and r lepton masses. As a consequence, the following effective potential 
must be added to Ur l6T1 : 



2 r 



^'^^^ (2vr)2i; 



mi J 3 



cff 



Vcc = ^Vcc, (2.34) 



where is the r mass and mw is the IV-boson mass, and Ye and Yn are the electron 
and neutron fraction numbers respectively, i.e. Yg = jy^j^ and F„ = j^'^j^ ■ We 
have defined an effective r fraction of the medium, Y^^. If we assume Yf, = Yn = 0.5 
(typical in SN), we obtain Yf ^ 2.7 x 10"^ and V^r ~ 5.4 x 10"^ Vbc- 

Summarizing, the effects of the SM neutrino interactions in matter can be pa- 
rameterized for a neutrino of flavor a, u^, using the effective potentials V^: 

Ve = Vcc + V^c = V2GF(^Ne-^^ , (2.35) 
V^ = Vnc = V2GF(^-^^ , (2.36) 

Vr = V^c + V = v^G'f (^-^ + 5 X lO-^iVe) . (2.37) 

In the case of antineutrinos propagating in matter, the effective potentials are iden- 
tical but with opposite sign. These potentials can be reexpressed in terms of the 
medium density p: 

Vcc = V2G^Ne ~ 7.6 X l{}-^^YMcm^) eV = VoYMcm'') , (2.38) 
a/2 

^Nc = ^GpiVn ^ -3.8 X 10-iXp(g/cm3) eV 

= -^(l-i;)p(g/cm^) , (2.39) 
where we have defined Vq = 7.6 x 10~^^ eV. Three important examples are: 



-'^For a detailed calculation of the effective potential in media with different properties see [60] 
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• At the Earth core: p ~ 10 g/cm^ and Vcc ~ 10^^'^ eV. 

• At the Sun core p ~ 100 g/cw? and Vcc ~ 10^^^ eV. 

• At a SN core p ~ 10^^ g/cm^ and Vcc ~ eV. 

2.2.2 Evolution equation 

It is convenient to derive the evolution equations in matter using the weak eigenstate 
basis, since these are the neutrinos that interact and feel the potential, and thus enter 
diagonally in the Hamiltonian. 

Let us start again by considering the two flavor case. The evolution equation in 
vacuum in the mass eigenstate basis is given by the equation of Schrodinger: 

ij^\ui) = H^\ui) , (2.40) 

where Hm = diag(i?i, E2). In the flavor basis the resulting equation of Schrodinger 
is: 

= HwWa) = UH^U^\u^) . (2.41) 

at 

For relativistic neutrinos we can use Ei c:^ p + mf/2E, and therefore obtain, 

^d_(-e\^({p+ ^) - ^ ^ sin 2^0 

'dtWJ 1 ^sin2^o (p+^) + ^cos2e. 




(2.42) 

Common terms in the diagonal elements of the effective Hamiltonian can only add a 
common phase to all neutrino states, and therefore do not have any effect in neutrino 
oscillations, where only relative phases matter. We can then subtract any multiple 
of the identity matrix without affecting neutrino oscillations. If we remove the terms 
in brackets in the Hamiltonian we end up with the following evolution equation in 
vacuum: 




^»ta2»o ^<=o^2». j UJ " "'^ U,. ' ■ 

If we want to study the effect of matter in the propagation of neutrinos, we have 
to add a new term, to the Hamiltonian, 

Hw = H^^ + H}^' , (2.44) 

with the corresponding effective potentials, given in Eqs. fl2.35p and (12.361) . in the 
diagonal elements. Omitting again the common terms due to NC interactions, we 
flnd the evolution equation in matter. 




^cos2^o + K^c ^ sin 2^0 
^ sin 2^0 ^ cos 2^0 




:2.45) 
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This general expression applies both for constant and varying density. The physics, 
though, will be different and we will treat these cases separately. 



2.2.3 Constant density case 

Let us start assuming a scenario with constant density. This case, although un- 
realistic, is of particular interest, since it is a very good approximation used for 
accelerator neutrinos. In this kind of experiments neutrinos travel through part of 
the Earth, but rarely leave the mantle, which at first order of approximation can be 
considered to have constant density. 

We define the matter eigenstates, z/™, as the eigenstates of the effective Hamilto- 
nian given in Eq. fl2.45p . which for a varying density medium depend on time/position, 
but are constant for the case now under study. The relation with the interaction 
basis is given by the unitary transformation: 

where the effective mixing angle, 9m-, is of course different from the vacuum mixing 
angle, ^o- It is obtained from the diagonalization of the Hamiltonian in Eq. (12.451) . 
and is given by 

%^ sin 2^0 

tan 2^,„ = --^ . 2.47 

^cos2^o-V^cc 

The difference of neutrino eigenenergies in matter is 



ET-ET = \l[=^cos2eo-Vccj sin^S^o. (2.48) 

With these redefined ingredients it is easy to understand that the evolution of 
neutrinos in a medium of constant density is just as in vacuum with some effective 
mixing angle and masses. The oscillation probability of z/g ^ ^'/x therefore given, 
analogously to Eq. fl2.1Up . by: 

P(z/e z/^) = sin' 29^ sin" ' (2-49) 



where the oscillation length in matter is defined as, 
27r 27r 



and the oscillation amplitude is. 



(2.50) 



(^) sin2 2^o 

sin' = -— ^ ——2 . (2.51) 

(^cos2eo-K;c) +(^) sin2 2eo 
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The most important point here is that this oscillation amplitude is no longer limited 
by the vacuum mixing angle, and even for a very small 6q we can obtain substan- 
tial oscillatory transitions. Furthermore, it presents a typical resonant behavior, 
acquiring its maximal value, sin^2^m = 1, when the so called MSW (Mikheyev- 
Smirnov-Wolfenstein) [62] resonance condition is satisfied: 

K3C = ^cos2^o. (2.52) 

This condition, which leads to maximal mixing in matter {6m = 7r/4), will be fulfilled 
by either neutrinos or antineutrinos, depending on the sign of Am^, i.e. the true mass 
hierarchy scheme, but never by both of them simultaneously. Assuming the usual 
convention for the mixing angle, where cos2^o > 0, a positive Am^ would take the 
resonance to the neutrino channel (positive Vcc); while a negative Am^ would take 
it to the antineutrino channel (negative Vcc)- Therefore, the neutrino-antineutrino 
symmetry present in vacuum when 5 = or tt, is broken by the matter potentials. 



2.2.4 Varying density case 

The situation is more complicated when neutrinos propagate through a non-constant 
density medium. The matter basis is no longer constant, and and therefore the 
unitary transformation U{9m) depend on time/position. If we derive Eq. fl2.46|) with 
respect to time we find 



U{Om) [ ']+ U{dm) , (2.53) 



d_ 

dt \jyf, 

where the dot stands for time derivative. Taking this expression to the evolution 
equation in the fiavor basis Eq. (I2.4ip . we obtain 

j = u^ejH^uiej [Jn.)-^ u^uie^) i^ll ) ■ (2.54) 

For a constant density medium the effective mixing angle 6m is constant and the 
second term on the right-hand side of this expression vanishes. Therefore, we obtain 
a diagonal relation, where the evolution of z/™ is only determined by and the 
same for z/™, with no interference between them. But that is not the case if the 
density is not constant, where we have 



(2.55) 



with 6m = d^m/dt. The effective Hamiltonian in the matter eigenstate basis is 
not diagonal in general, meaning that mix in the evolution and are not energy 
eigenstates. The importance of this effect will depend on the size of the off-diagonal 
terms with respect to the diagonal ones, determining two types of evolution. 
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A) Adiabatic case 

The adiabatic approximation correspond to the case where the off-diagonal terms 
are small, in the sense explained before, i.e. \6m\ <^ — E^\. In this case the 
transitions between matter eigenstates are suppressed. This suppression can be 
quantified with the adiabaticity condition. 



7-^(r) < 1 



(2.56) 



being 7 the adiabaticity parameter, defined as the relation between the off-diagonal 
terms in Eq. 02.551) and the diagonal ones. 



2 



7 



^ sin 2^0^ 



\V( 



cc 



(2.57) 



In this expression — E^ and Vcc are given by the Eqs. fl2.48p and fl2.32p re- 
spectively. The parameter 7 can also be expressed in terms of the elements of the 
Hamiltonian matrix as 



7 



Hi2{H22 — Hii) — {H22 — Hii)H 



12 



[{H22-Hny + AH_ 



2 l3/2 
I2J 



(2.58) 



When the condition in Eq. (12.561) applies, the Hamiltonian in Eq. (I2.55P is basically 
diagonal, leading to a very simple time evolution of the matter eigenstates, they just 
acquire phase factors. 

The adiabaticity condition has a simple physical meaning. Let us define the 
resonance width at half height 6r as the spatial width of the region where the am- 
plitude of neutrino oscillations in matter is sin^2^m > 1/2- According to Eq. (12.511) . 



the limiting condition sin 29m{r - 
(AmV2E cos2^o-l^cc-5K;c/2)^ 
we find: 



5r/2) = 1/2 will be satisfied at the point where 
= (AmV2E sin^2^o)^- Making use of Eq. fl232D . 
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Here, "res" denotes here the point where the resonance condition is satisfied. We 
can define the density scale height at the resonance as 



(2.62) 



1 dVcc 




1 


diVe 


Vcc dr 


res 




dr 



48 



Standard Neutrino Oscillations 



and reexpress the resonance width as 

Sr=^-^. (2.63) 

Using Eq. (12.501) we find that the oscillation length at the resonance is given 
by (L^)res = 27r/|EJ" - E^lres = (47rE/ Am^)/ sin 2^0- Therefore the adiabaticity 
parameter at the resonance can be rewritten as 

7res = ^77^ , (2.64) 

i.e. the adiabaticity condition 7i.es > vr is just the condition that at least one oscilla- 
tion length fits into the resonance region. 

Let us explicitly discuss under these adiabatic circumstances the evolution of an 
electron neutrino created at time t = tj, as a superposition of matter eigenstates: 

u{ti) = Ve = COS < + sin . (2.65) 

At a later time tj, the evolution in the adiabatic approximation, where no transition 
— > can occur, takes the neutrino state to 

Kt/) = cos dl, e-' uT + sin 91 e"^ . (2.66) 

Taking into account that the mixing angle 0(tf) = 6*^ changes with time and there- 
fore is different from 61^, we find the transition probability to be 

P{i^e ^y>.) = \-\ COS 2e\^ cos 2el - i sin 2Q\^ sin 2^ cos $ , (2.67) 

where ^ 

$= [ '{E'P - E^)dt' . (2.68) 
Jti 

The second term in Eq. 02.671) is a smooth function of t/, while the third term 
oscillates with time. If the matter density at the neutrino production point is far 
above the MSW resonance one, S> N^^^, the initial mixing angle is 6^^ ~ 7r/2 and 
the third term is strongly suppressed due to the sin 2^^ factor. As the neutrinos 
travel toward lower density regions, the effective mixing angle decreases as well down 
to ^4 — ^0 for vanishing matter. On the way it passes through maximal mixing, 
6'm = 7r/4, at the resonance. In this case, the neutrino probability is P^i^e ^fj.) = 
cos^^^, which for a low final density becomes P(z/e — > z/^) = cos^^o- In particular, 
if ^0 is small the conversion between Ue and is almost complete, contrary to the 
vacuum case. This amplification of the conversion probability in matter is known 
as the MSW effect PE2]. 

In Fig. 12.31 we represent the diagram known as level crossing scheme. It shows 
the energy levels of z/™ and along with those in absence of mixing (i.e. and z/^) 
as the function of the electron number density, Ng. In absence of mixing the energy 
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Figure 2.3: Level crossing scheme in two flavors. Shown are the neutrino energy levels in 
matter as a function of the electron number density Ng. Dashed line in absence of mixing, 
solid line with mixing. 

levels cross at the resonance point, but with no n- vanishing mixing the levels repel 
each other and the avoided level crossing results. 

B) Non-adiabatic case 

The situation is different when the off-diagonal terms of Eq. fl2.55p are comparable or 
larger than the diagonal ones, |^m| ^ {E"^ — E^\. The adiabatic approximation does 
not apply anymore, and one has to take into account possible transition between 
matter eigenstates driven by the violation of the adiabaticity. We can generalize 
Eq. fl2.67p to include this effect in the following way (omitting the oscillatory terms 
which average to zero), 

1 1 



P{ug -^u^)^--- cos 2^;, cos 2^(1 - 2P') , (2.69) 

where P' stands for the hopping probability and for small values of the mixing angle 
is given by the Landau-Zener formula 

P' ~ e-5'^'-°= , (2.70) 

where 7res is the adiabaticity parameter computed at the resonance point. As dis- 
cussed in Ref. |63], this expression is valid as long as the density profile can be 
approximated as linear around the resonance point and the mixing angle is small. 
For an arbitrary density distribution and mixing angle the general expression is 

^ exp(-f7F)-exp(-f7F/sin^^) 
^ l-exp(-f7F/sin2^) ' ^ ' 



where F depends on the density profile and the mixing angle. This expression has to 
be computed at the resonance point. There are other more general formalisms where 
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the analysis is independent of the resonance and the adiabaticity parameter can be 
calculated at an arbitrary point [51]. Another useful expression for the jumping 
probability, which applies for an arbitrary mixing angle, is 

, exp(-27rL-i%^cos2^)-l , ^ 

P ^ ^ , , 2.72 

exp(-27rL-i^) - 1 

where Lp is defined in Eq. (12.621) . The whole expression can be easily reinterpreted 
in terms of 7res. 

In the adiabatic limit 7rcs ^ 1 and P' ~ 0, reproducing Eq. fl2.67p . In the non- 
adiabatic limit 7i.es -C 1, and as discussed in Ref. [65] the jumping probability is 
given by P' ~ sin^(^m ~ ^m); where 91^ is the effective mixing angle at the neutrino 
production point. If we assume the matter density at that point to be far above 
the resonance density, we obtain in the limit of 6m —>■ Oo ^ crossing probability 
for neutrinos of P' ^ cos^ Oq, which in the case of a small mixing angle reduces to 
P' ~ 1. This situation leads to an interchange between the survival and transition 
probabilities. If we consider then the case of a very small vacuum mixing angle and 
iV/ < A^,'°' < Ni (or Ni < N'/' < A^/), Eq. (^M> becomes the simple expression 



P(u, ^ u^) 1 - P' , (2.73) 

with P' given by Eq. fl2T2|) . 



2.3 Neutrino oscillations in the SN envelope 

After having discussed the generalities of neutrino oscillation physics, we are going 
to study the actual three flavor situation in the particular case of SN neutrinos. 
The evolution of neutrinos inside the SN can be divided in two zones: inside the 
core, dominated by neutrino collisions with matter, and through the envelope, where 
neutrinos participate only in elastic forward scattering, the border being defined as 
the neutrino sphere. In this thesis we do not consider what happens inside the 
core, and parameterize its effect as distribution functions for the neutrinos. We take 
this distribution functions as input and study their evolution outside the neutrino 
sphere, as discussed in Chapter [1] 

2.3.1 Supernova matter profiles 

The main conclusion of the previous sections is that in order to determine the 
evolution of neutrinos in a medium with varying density we need to know both the 
neutrino parameters and the properties of the medium, especially the matter and 
chemical profiles. In a SN scenario, these exhibit an important time dependence 
during the explosion. Figure 12.41 shows the density p{t, r) and the electron fraction 
Ye{t, r) profiles for a typical SN progenitor as well as at different times post-bounce. 
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Figure 2.4: Density (upper panel) and electron fraction (bottom panel) profiles for the 
SN progenitor and at different instants after the core bounce, from Ref. [SB]. The regions 
where the H- (yellow) and the L- (cyan) resonance take place are also indicated. 

The density in the envelope of a SN depends on the characteristics of the progen- 
itor star (mass, metallicity, . . . ). However, it can be reasonably well approximated 
by a power law of the type: 

pir)=Po{jy , (2.74) 

where po ~ 10^ g/cm^, ~ 10^ cm, and n ~ 3. In Fig. 12.51 we can see how well 
several profiles adjust to this expression of the density. The electron fraction profile 
varies depending on the matter composition of the different layers. For instance, 
typical values of Y^. between 0.42 and 0.45 in the inner regions are found in stellar 
evolution simulations [HZ]. In the intermediate regions, where the MSW H- and 
L-resonances take place ~ 0.5. This value can further increase in the most outer 
layers of the SN envelope due to the presence of hydrogen. 

After the SN core bounce the matter profile is affected in several ways. First 
note that a front shock wave starts to propagate outwards and eventually ejects 
the SN envelope. The evolution of the shock wave will strongly modify the density 
profile and therefore the neutrino propagation [701 [71] . Following Ref. (HE] we have 
represented in Fig. 12.41 a more complicated structure of the shock wave, where an 
additional "reverse wave" appears due to the collision of the neutrino-driven wind 
and the slowly moving material behind the forward shock. 

On the other hand, the electron fraction is also affected by the time evolution 
as the SN explosion proceeds. Let us discuss how it changes during the different 
stages of the explosion. Once the collapse starts the core density grows so that 
the neutrinos become eventually effectively trapped within the neutrino sphere. At 
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Figure 2.5: Matter density profiles for tliree different SN progenitor masses: 11 (red 
solid), 20 (blue dashed) and 30 (green dot-dashed) Mq from Woosley [B5], one from 
Nomoto |69] for the progenitor of SN1987A (orange dotted) and the expression p = 4 x 
10'^gcm~^(10^cm/r)^ (black thick solid line). The regions around the points where the /ir, 
H and L-resonances take place are also shown with dotted lines, rre^, r/^g and r^g. 

this point tlie trapped electron fraction has decreased until values of the order of 
0.33 [72]. When the inner core reaches nuclear density it can not contract any 
further and bounces. As a consequence a shock wave forms in the inner core and 
starts propagating outwards. When the newly formed SN shock reaches densities low 
enough for the initially trapped neutrinos to begin streaming faster than the shock 
propagates [73j, a breakout pulse of Ve is launched. In the shock-heated matter, 
which is still rich of electrons and completely disintegrated into free neutrons and 
protons, a large number of z/g are rapidly produced by electron captures on protons. 
They follow the shock on its way out until they are released in a very luminous flash, 
the breakout burst, at about the moment when the shock penetrates the neutrino 
sphere and the neutrinos can escape essentially unhindered. As a consequence, the 
lepton number in the layer around the neutrino sphere decreases strongly and the 
matter neutronizes. The value of Y^. steadily decreases in these layers until values 
of the order of (9(10~^). Outside the neutrino sphere there is a steep rise until 
Ye ~ 0.5. This is a robust feature of the neutrino-driven baryonic wind. Neutrino 
heating drives the wind mass loss and causes Y^ to rise within a few 10 km from low 
to high values, between 0.45 and 0.55 [71], see bottom panel of Fig. 12.41 Inspired in 
the numerical results of Ref. [HS] we can parameterized the behavior of the electron 
fraction near the neutrino sphere phenomenologically as, 

Ye = a + 6arctan[(r — ro)/rs] , (2-75) 

where a ~ 0.23-0.26 and h ^ 0.16-0.20. The parameters tq and describe where 
the rise takes place and how steep it is, respectively. As can be seen in Fig. l2.4l both 
decrease with time. 
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2.3.2 Factorization of the evolution 

In the SN there exists such extreme conditions that neutrinos travel from regions 
with densities of the order 10^^ g/cm^, right behind the neutrino sphere, to basically 
zero density at the atmosphere of the star. As a consequence, contrary to the case 
of the Sun, neutrinos will undergo three kinematic resonant conversions. Two of 
them come from Vcc, the if-resonance taking place at high densities and defined 
by Vccif^iis) — Am3;^/(2£') cos 26*13, and the L-resonance occurring at low densities 
where Vcc(?^res) = Am2i/(2£') cos 26*12. The third one is due to V^r, and is deter- 
mined by Vfj,r{r^^J = Am'^i/{2E) cos 2^23- These three conditions are represented in 
the density profiles of Fig. 12.51 and the level crossing diagrams for the three flavor 
scenario shown in Fig. 12. 6[ Since the sign of Amgj^ is undetermined both hierar- 
chies are still possible. The left panel of this figure corresponds to normal hierarchy 
(Am|i > 0), which after Eq. fl2.52p translates in the if-resonance occurring for neu- 
trinos, while the right panel is done for the inverted hierarchy case (Am|^ < 0) and 
the resonance takes place in the antineutrino channel. The /ir-resonance depends 
not only on the hierarchy, but also on the octant of ^23 as shown in Fig. 12. 6[ 

The interesting point here is that the large difference between the two mass 
splittings (Am2i/Am|^ ~ 10"^), and therefore the densities at the resonance layers, 
allows us to factorize the evolution of neutrinos. We can then treat the three possible 
transitions as an approximate two neutrino problem. In the if-resonance region the 
mixing [/"g associated to Am|]^ is suppressed by matter by more than two orders of 
magnitude, 

Tf-^< 10-^ . (2.76) 

Ue2 PH 

The situation is similar at the L-resonance region, where the effects of Am|i 
basically go as the mixing at vacuum, 

U:^, = U,s[l + 0(0] , — <10-^ (2.77) 

Ph 

Finally, the same argument stands for the /xr-resonance, where the mixing be- 
tween or Ur with the third state is suppressed at the resonance by the huge 
hierarchy between Vf^r and Vcc, C(10~^). 

This means that by an appropriate redefinition of the states we can always 
disentangle one of the neutrinos, reducing the three neutrino problem to an effective 
two neutrino one. 

2.3.3 Level crossing schemes 

As discussed in Sec. 12. 2. 2^ the evolution of neutrinos can be described using the 
equation of Schrodinger, Eq. fl2.4ip . Far enough from the neutrino sphere, so that 
no effect is to be expected from neutrino-neutrino interactions, the Hamiltonian 
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Figure 2.6: Level crossing diagrams for normal (top panels) and inverted mass hierarchy 
(bottom panels). The left panels correspond to 623 < 7r/4 (first octant) and the right ones 
to 023 > tt/A (second octant). Solid lines show the eigenvalues of the effective Hamiltonian 
as a function of the electron number density. Dashed lines correspond to energies of the 
flavor levels fg, and v'^. The part of the plot with rig < corresponds to the antineutrino 
channel. 



involved in the flavor basis is given by 

H = -ffkin -r -f-fint 



where the m^^ come from the kinetic term, 
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(2.79) 



with U given in Eq. (12.161) . and i/mt = diag(Vcc5 0, V^,-) is the resulting interaction 
Hamiltonian after removing the NC common terms. By using Eq. fl2.78p it is easy 

Its diagonal terms basically 



to reproduce the level crossing schemes of Fig. 12.61 
determine the energies of the flavor states, represented by dotted lines, while its 
eigenvalues, represented by the colored solid lines, give the actual neutrino path. 

For very high densities, where V^r and obviously Vcc are larger than the kinetic 
terms, the whole Hamiltonian leading the evolution of neutrinos can be effectively 



2.3 Neutrino oscillations in the SN envelope 



55 



reduced to the interaction one, 



Vcc 



^ ~ n . (2.80) 



V^r 

As a consequence, the matter and flavor eigenstate coincide, and the eigenvalues 
will go as shown in the high density region of Fig. 12. 6t z/g ~ Vcc, ~ V^ir and 
~ TTtl^, and the same with opposite sign in the potentials for antineutrinos. The 
V^r potential will be important if 

V > Am2,/2E ^ 2mlJ2E ^ p^, > 10^ - 10« g/cml (2.81) 

In the interval of densities where V^r ^ ^m\^/2E ^ Vcc, the V^r potential can 
be neglected so that we obtain the Hamiltonian 




2^l^cc 




:2.82l 



Now, by diagonalizing the 23-sector, 

H = ^\ nil^, I , (2.83) 




2 



we will be basically diagonalizing the whole Hamiltonian, since Vcc ^ !S.w?^^j2E. 
For this density range H ^ diag(Vcc, '"^t't')' and the resulting matter basis 
is (fe, z/^', //,-')• Therefore, in the region V^r ~ Aml-^^/2E the level crossing occurs, 
taking place for neutrinos or antineutrinos depending on the hierarchy and the octant 



of ^23, as shown in Fig. 12.61 For instance, for normal hierarchy and flrst octant (top 

l''^. 



left panel of Fig. 12.61) neutrinos have undergone the transitions vi, v-r ^ v'.. 



Uf, -> u'^ and Ur u[. 

As the density decreases, the potential reaches the different mass scales, produc- 
ing the level crossings at the resonances. The sign of Am^^ is known to be positive, 
and therefore the L-resonance will always take place for neutrinos, but depending on 
the hierarchy in the neutrino mass scheme, the if-resonance will occur for neutrinos 
(normal hierarchy, Am^^ > 0) or antineutrinos (inverted hierarchy, Am|]^ < 0), as 
shown in Fig. 12. 6[ The positive values of the density (x-axis) in the level crossings 
represent the evolution of neutrinos, while that of antineutrinos is shown in the neg- 
ative Ne values. This is a simple trick, that allows us to represent the level crossing 
schemes in a more compact form, and is motivated by the fact that the effective 
potential for antineutrinos has the opposite sign than the one for neutrinos. Thus, 
antineutrinos can be visualized as neutrinos travelling through matter with effec- 
tively negative iVg. Neutrinos will start their evolution from the far right side of 
the flgure, while antineutrinos will be born at the far left side. Both will thereafter 
evolve towards vacuum, represented as A'^e = at the center. 
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The evolution of neutrinos in the SN envelope will be determined at the reso- 
nances, the points where the flavor transitions can occur. Let us then analyze what 
happens at the different resonances. 



2.3.4 Mu-tau-resonance 

The crossing of and Pr levels, the /xr-resonance, is a consequence of the potential 
that arises at one loop level due to the difference in the masses of the /x and r 
leptons [HI]. Although V^^ is almost flve orders of magnitude smaller than Vcc, the 
huge densities in the inner layers of the SN may make it important. 

In principle, one could think that this possible crossing does not really matter, 
since the initial and v^. fluxes are expected to be identical, and therefore no 
potential effect between them would lead to any observable features. However, the 
situation changes when we include neutrino-neutrino interactions into the picture. 
As we will discuss in Chapter |5l these could lead to a transition right before the 
/ir-resonance moving the flux difference to the and branches. It will be then 
important to understand what happens at the resonance. 

The conversion due to the V^r potential will take place in the dense inner regions, 
where Ve is completely decoupled, since Vcc is much larger than the elements Hu 
(i=2,3) in the Hamiltonian of Eq. (12.781) . Consequently, we obtain an effective two 
neutrino problem. The /xr-resonance is governed by the atmospheric mixing angle 
and mass splitting, and the resonance condition is given by 

COS 2^23- (2.84) 

Thus, it will take place in the neutrino or antineutrino channel depending on both 
the hierarchy scheme and the octant of 62^1 due to the combination of signs of Amg^^, 
cos 26*23 and V^r- Numerically, one gets p^^ > 10^ — 10^ g/cm . Applying Eq. fl2.72p 
at the resonance point, it can be obtained [75] 

XCOs2 6'23 _ 1 

PL = , (2.85) 

. (2.86) 



y = -27r ^ 

^ 2E 



V^r dr 



Substituting into this expression the potential proflle and parameters, we flnd x 
500-900, which corresponds to a very good adiabaticity: P'^^ = 0. 



2.3.5 iiZ-resonance 

Let us move now to the resonances due to the Vcc? and let us start with the high 
density one, if-resonance. In order to reduce the three-neutrino problem to a two- 
neutrino one we should diagonalize the submatrix (1/^,1/,-). However, this trans- 
formation leads to very complicated expressions for the Hamiltonian and no easy 
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analytical formulae can be derived. As an approach to the problem, though, we can 
undo the rotation V23 of Eq. fl2.16p which to a good approximation diagonalizes the 
desired submatrix [TB]. After performing such rotation the Hamiltonian takes the 
following form: 

H"" = 4(f^^kinf/^ + ^int)V^23 = 

atm 

S2i3 + AqC;^2'^2i3) 
2A0C13S212 — A0S^2 — 2^Q'^2l2'5l3 

I (AatmS2i3 + A0C?2'52l3) -|A0S2i2Si3 AatmC?3 - A0C?2'S?3 

(2.87) 

where Aatm = — m^)/2_E, A0 = {m^ — mf)/2E, s2ij = sm29ij, c2ij = cos29ij, 
sfj = sin^6'jj and c^^ = cos^^jj. In the approximation where A0 <^ Aatm this 
Hamiltonian reduces to the one given in Eq. fl2.83p and the evolution of neutrinos 
breaks to a decoupled one {v'^ and a two-neutrino mass matrix of the type of 
Eq. ([235]). 

The resonance point will be now obtained using the condition H^^ — if/f = 0, 
which gives Vcc = (Aatm + A0C^2)c2i3- Applying Eq. fl2.38p we find that the density 
at the resonance point is given by 

atm 

+ A0C?2)c2i3 

PH = . (2.88) 

Assuming that ~ 0.5 around these layers of the SN, we find the density range for 
the resonance region 5 x 10^ g/cm^ ^ Ph ^ 10^ g/cm^ for the typical energy range 
of the SN neutrinos, 1 MeV < ^ < 50 MeV. 

We can now calculate the adiabaticity parameter at the resonance using Eq. (12.581) . 
Taking into account that H^r^ — = 0, we obtain: 



(AatmS2i3 + A0Ci2S2i3j 



(2.89) 



Making use of Eqs. fl2.38p . fl2.74p and fl2.88p we can reexpress the adiabaticity pa- 
rameter at the if-resonance as 



-5.9 X 10-5(c2i3)^/3 



((Aatm + Aecl^yVoY.pof' (s2i3)2ro 



(2.90) 



where Aatm and A0 are given in eV, po in g/cm^ and tq in cm. 

In Fig. 12. 71 we show the corresponding jumping probability contours for the whole 
Am^ — sin^ 29 space of parameters. To the right of the dashed blue line we obtain 
an adiabatic evolution, while to the left of the solid red line the evolution is highly 
non-adiabatic. The gray band shows the allowed region for the parameters involved 
in the if-resonance at 3a, as given in Table 12.11 The dotted vertical lines in the 
figure mark the adiabaticity borders for this case. In the figure we see, and can be 
calculated from Eq. (12.901) . that for sin^ ^13 > 10~^ the evolution is adiabatic, while 
sin^ ^13 < 10~^ leads to a non-adiabatic evolution. 
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Figure 2.7: Contours of constant hopping probability P'. The solid lines correspond to a 
neutrino energy E = 5 MeV, the left one (red) stands for P' = 0.9 (highly non-adiabatic 
transition) and the right one (blue) to P' = 0.1 (adiabatic transition). The dashed lines 
are done for neutrinos with E = 50 MeV. The gray band shows the current allowed region 
at 3c7 for the parameters involved in the i/-resonance, for which the vertical lines mark 
the borders for adiabatic and non-adiabatic conversions. The small brown band shows the 
current allowed region for the L-parameters, lying in the adiabatic region. 



2.3.6 X-resonance 



In order to properly study the adiabaticity at the L-resonance, we undo the rotations 
V23 and Wi3 in the flavor basis around the resonance point [76] . The corresponding 
Hamiltonian is given by 



|Aqs2i2 
Vbcs2i3 



-AqS^2 





Vcc-s2i3 


Aatm + VccSi3 



(2.91) 



From this equation it is easy to see that the third neutrino decouples (Aatm ^ 
Vcc'S2i3, for the lower resonance), leaving us with the effective two-neutrino evolu- 
tion governed by the 1-2 sub matrix in H^. 

The resonance point will be given by H22 — Hn = 0, thus Vcccf^ = A0c2i2. Just 
as before, we can obtain the density at the resonance point 



PL 



AqC2i2 



K)^eCi3 

and what we were looking for, the adiabaticity parameter. 



7l 



(Aos2i2)2 



(2.92) 



(2.93) 
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Again, making use of Eqs. fl2.38p . fl2.74p and fl2.92p we can reexpress the adiabaticity 
parameter at the L-resonance as 



We can see how the adiabaticity parameter at the L-resonance has essentially the 
same expression as the one at the if-resonance, Eq. fl2.90p . but changing Aatm 
and 6^13 612, provided that AQ/Aatm ^ 1 and sin^ 6*13 ^ 1. This allows us to use 
the same contours of constant jumping probability of Fig. 12.7^ if we reinterpret the 
oscillation parameters as Amgi and sin^26'i2. The small brown band in the figure 
shows the current allowed region at Sa for these parameters given in Table I2.1[ 
Since both neutrino properties are rather well constrained, we can conclude that the 
L-resonance is always adiabatic, and takes place in the neutrino channel. 




-5.9 X 10-5(c2i2)^/^ 



(2.94) 
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Chapter 3 



Non-Standard Neutrino 
Interactions 

3.1 Introduction 

The confirmation of the neutrino oscillation interpretation of solar and atmospheric 
neutrino data by reactor [77] and accelerator [THl H] neutrino experiments provides a 
unique picture of neutrino physics in terms of three-neutrino oscillations [6] , leaving 
little room for other non-standard neutrino properties [79] . Nevertheless, it has long 
been recognized that any gauge theory of neutrino mass generation inevitably intro- 
duces dimension-6 non-standard neutrino interaction (NSI) terms. Such sub-weak 
strength operators arise in the broad class of seesaw-type models, due to the non- 
trivial structure of charged and neutral current weak interactions [80], and may be 
sizeable [HH [821 [831 [111 [85]. Alternatively, neutrino NSI may arise in models where 
neutrino masses are radiatively "calculable" [5^ [S7] . Finally, in some supersym- 
metric unified models, the strength of neutrino NSI may arise from renormalization 
and/or threshold effects [88] . 

We stress that NSI strengths are highly model dependent. In some models NSI 
strengths are too small to be relevant for neutrino propagation, because they are 
either suppressed by some large mass scale or restricted by limits on neutrino masses, 
or both. However, this need not be the case, and there are many theoretically 
attractive scenarios where moderately large NSI strengths are possible and consistent 
with the smallness of neutrino masses. In fact one can show that NSI may exist even 
in the limit of massless neutrinos [HH [821 [831 [HH [85]. This may also occur in the 
context of fully unified models like S'O(IO) [89] . 

We argue that, in addition to the precision determination of the oscillation pa- 
rameters, it is necessary to test for sub-leading non-oscillation effects that could 
arise from neutrino NSI. These are natural outcome of many neutrino mass models 
and can be of two types: flavor- changing (FC) and non- universal (NU). These are 
constrained by existing experiments (see Sec. 13. 3p and, with neutrino experiments 
now entering a precision phase [5], an improved determination of neutrino parame- 
ters and their theoretical impact constitute an important goal in astroparticle and 
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high energy physics [B]. 

One of the objectives of this thesis is the study of neutrino NSI, since they would 
open a new window to physics beyond the Standard Model. We have performed 
several analysis in the subject using neutrinos from different scenarios. In this 
chapter, after introducing the NSI parameterization and summarizing the current 
limits on the parameters, we will discuss what we can learn about the possible NSI 
using the combination of MINOS and OPERA, two experiments currently taking 
data. In Chapter [6] we will present the possibility of probing these NSI using SN 
neutrinos. 



3.2 Parameterization 

A large class of NSI may be parameterized with the effective low-energy four-fermion 
operator: 

Cnsi = -eipV2Gp{u^^^Lufs){frPf) ■ (3.1) 

where P = L or R and / is a first generation fermion: e, u, d. The coefficients 
denote the strength of the NSI between the neutrinos of flavors a and (3 and 
the P-handed component of the fermion /. This Lagrangian describes the elastic 
scattering processes 

T^df-'T^pf a,(3 = e,fx,T, (3.2) 

schematically represented in Fig. 13. 1[ 

Just as in the SM case, we can calculate the potential induced in the evolution 
of neutrinos due to this new interactions. We can rewrite Eq. (13.11) as 

^nsi = ^G'p{^.7"(l-75)^4(eS{/7,(l-75)/} + eS{/7,(l + 75)/} 

1 " - I" " ^'JL, fR^ (JL fR 



^GA'yaYii - 75)^4 1/7. [(4^ + 4") - (4^ - 4^)75] /) . (3.3) 

The effective axial vector coupling, (e^^ — e{^^) , does not contribute to the coherent 
elastic scattering of neutrinos with the particles in an unpolarized medium, as we 
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discussed in tlie calculation of Vcc and V^c- Tlie vector coupling, e-^ = i^a^ + ^ap), 
on the other hand does affect neutrino propagation in matter, and although no 
positive signs of them have yet been obtained there are limits on their magnitude 
as we will later discuss. 

Finally, the presence of NSI like the ones described in the Lagrangian of Eq. (13.11) 
induces the following potentials on neutrinos: 

V^^ = J2 ^GfNjeZ , « ^ /3 , (3.4) 

/ 

V^^ = Y.^2G,N,eil ^ (3.5) 
/ 

where V^^ correspond to the scattering amplitudes in the flavor changing processes 
f ^ i-'p f 1 while V"^^ represents the difference between the non-standard and 
the standard components in the elastic scattering amplitudes of z/q, / ^ /. In 
general, we can write: 

= E ^G.NfsZ , (3.6) 
/ 

where in principle we sum over all three fundamental fermions found in ordinary 
matter. However, due to the complexity of a global analysis, usually the studies are 
done for each one of them separately. The number density for the different fermions 
will be given by: 

r iVe, f = e 

Nf=l iVp + 2iV„, f = d (3.7) 
[ 2Np + iV„, f = u 

If we add this new part to the Hamiltonian discussed in Chapter [2], with its 
kinetic and standard matter interaction terms, we obtain, 

\ / Vbc \ / K",- v^f \ 

H = i^U\ Ami, W/t + + V^* V;;^ \/f , (3.8) 
Am|i / \ / \ V^^'* * V^^' ) 

where V^^ are given in Eq. (13. 6p . and V^^^'* = V^^* for Hermiticity of the Hamilto- 
nian. 




3.3 Current limits 

Current bounds on the NSI parameters can be obtained from different sources: 
laboratory experiments, solar, reactor, atmospheric and accelerator neutrino exper- 
iments, cosmology and SN neutrinos. The latter case will be discussed in detail in 
Chapter El while we will here review the present limits coming from the rest of the 
experiments. Note that these limits have been obtained by varying each one at 
a time. In general, when correlations among different Sap are included the bounds 
become weaker. 
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3.3.1 Laboratory 

The measurement of ve and vq elastic cross sections in neutrino scattering exper- 
iments [901 EH [S21 ESI El] provide the following bounds on the NSI parameters, 
< lO-MO-2, |4f I < lO-M, \eP < 0.1, |4f | < 0.5 at 90 % C.L [gSlESEZ]. 
On the other hand the analysis of the e~^e uwy cross section measured at LEP 
II leads to a bound on < 0.5 [SB]- Future prospects to improve the current 
limits imply the measurement of sin^ 6^ leptonically in the scattering off electrons 
in the target, as well as in neutrino deep inelastic scattering in a future neutrino 
factory. The main improvement would be in the case of \b(^\ and \b(^\, where values 
as small as 10""^ and 0.02, respectively, could be reached [96] . 

The search for flavor violating processes involving charged leptons is expected 
to restrict the corresponding neutrino interactions, to the extent that the SU (2) 
gauge symmetry is assumed. However, this can at most give indicative order-of- 
magnitude restrictions, since we know SU{2) is not a good symmetry of nature. 
Using radiative corrections it has been argued that, for example, /x-e conversion on 
nuclei like in the case of Tifi also constrains \el^\ < 7.7 x 10~^ [HSj- The rather good 
bound l^g^l ^ 5 X 10~^ is also obtained because of the strong experimental limit on 
/i — s> 3e transitions. Finally, only an (9(1 — 10) limit can be imposed on | from 
r decays. 

A detailed relation of the commented limits is given in Table 13.11 [99] . 

3.3.2 Solar and reactor 

NSI can also affect neutrino propagation through matter, probed in current neutrino 
oscillation experiments. The bounds so obtained apply to the vector coupling con- 
stant of the NSI, e-[^ = + e^^^, since only this combination appears in neutrino 
propagation in matter, as previously discussed. 

The role of neutrino NSIs as subleading effects on the solar neutrino oscillations 
and KamLAND has been considered in Refs. 11021 1103] with the following 

bounds at 90 % CL for e = — sin e23ei^ with the allowed range -0.93 <e< 0.30, 
while for the diagonal term e' = sin^ 023sf!^ — ef^, the only forbidden region is 
[0.20,0.78] [103] . Only in the ideal case of infinitely precise determination of the 
solar neutrino oscillation parameters, the allowed range would "close from the left" 
for negative NSI parameter values, at —0.6 for e and —0.7 for e'. 

3.3.3 Atmospheric and accelerator neutrinos 

NSI involving muon neutrinos can be constrained by atmospheric neutrino exper- 
iments as well as accelerator neutrino oscillation searches at K2K and MINOS. 
In Ref. [104j Super-Kamiokande and MACRO observations of atmospheric neutri- 
nos were considered in the framework of two neutrinos. The limits obtained were 
-0.05 < ef^ < 0.04 and \ef^ - e^j^l < 0.17 at 99 % CL. The same data set 
together with K2K were recently considered in Refs. [105[ I106j to study the non- 
standard neutrino interactions in a three generation scheme under the assumption 
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Table 3.1: Present bounds at 90% CL on the NC-like NSI couplings e-^^ from non- 
oscillation experiments. Limits have been obtained by varying each one at a time, 
with all the others set to zero. Table taken from [99]. 



Lcft-hcindcd 


R,iglit-licindcd 


Process 


Experiment 


RcfcrcncG 


-0.03 < ell: < 0.08 


0.004 < e^f < 0.15 


VeC - 
VeC ~ 


-> ve 
ve 


LSND 
Reactors 


inziiiooj 


-1 < e^^ < 0.3 


-0.4 < e'^^ < 0.7 


VeQ - 


-> vq 


CHARM 


m 


-0.3 < < 0.3 


-0.6 < el? < 0.5 




^ vq 


CHARM 
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le^^l < 0.03 


\el^\< 0.03 


i^f^e - 


ve 


CHARM H 
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^tj^q - 


vq 
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-0.008 < ef^? < 0.015 
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^ vq 


NuTeV 


m 


-0.5 < < 0.2 


-0.3 < e^^ < 0.4 




vv^ 


LEP 


[9811100] 


1 7i / , 1 - -t A 

krr 1 < 1-4 


krr 1 < 3 


rad. corrections 
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M 


\4r\ < 1-1 


\ef^\ < 6 


rad. corrections 


T decay 


m 


< 0.0005 


\etj}\ < 0.0005 


rad. corrections 


/i 3e 


m 


|e^^^|< 0.0008 


|e^«| < 0.0008 


rad. corrections 


Ti /i ^ Ti e 


m 


\eif;\ < 0.0008 


< 0.0008 


rad. corrections 


Ti /i ^ Ti e 


ESI 


ke^l <0.33 


kef 1 < 0.28 


VeC - 


ve 


LEP+LSND+Rea 


[9811100] 


k^r^l <0.5 


|£^«| < 0.5 


VeQ - 


^ vq 


CHARM 


m 


\eii^\ < 0.5 


\ei?\ < 0.5 


VeQ - 


^ vq 


CHARM 


[Ml 




\efr\ < 0.1 


i^f^e - 


^■ ve 


CHARM H 


19611100] 




|e;j«| < 0.05 


Vtj,q - 


^ vq 


NuTeV 


m 


\4r\ < 0-05 


\4?\ < 0-05 


VtJ,q - 


^ vq 


NuTeV 


m 



^efi = ^A^M ~ ^fj-r = 0- The most recent analysis including also accelerator experi- 
ments Hg gives at 3a, < 0.058 , \€lX-£'^}^^ < 0.19 , le"/^^] < 0.019 , | < 
0.061 , \ef^\ < 0.019 , \eif- ef^] < 0.060. 

3.3.4 Cosmology 

If NSI with electrons were large they might also lead to important cosmological and 
astrophysical implications. For instance, relic neutrinos could have been kept in 
thermal contact with electrons and positrons for a longer time than in the standard 
case, hence they would share a larger fraction of the entropy release from an- 
nihilations. This would affect the predicted features of the cosmic background of 
neutrinos, in particular, it could enhance the radiation content of the Universe. As 
pointed out in Ref. |107j . the required NSI couplings to observe this kind of effects 
with cosmological mesurements are larger than the current laboratory bounds. 
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3.4 Can OPERA help in constraining neutrino 
non-standard interactions? 

The interplay of oscillation and neutrino NSI was studied in |108j and subsequently 
it was shown [109^ IllU] that in the presence of NSI it is very difficult to disentangle 
genuine oscillation effects from those coming from NSI. The latter may affect pro- 
duction, propagation and detection of neutrinos and in general these three effects 
need not be correlated. It has been shown that in this case cancellations can occur 
which make it impossible to separate oscillation from NSI effects. Subsequently it 
was discovered that the ability to detect u^. may be crucial in order to overcome that 
problem though this method requires sufficiently large beam energies to be 

applicable. Barring the occurrence of fine-tuned cancellations, NSI and oscillations 
have very different L/E dependence. Therefore, combining different L/E can be 
very effective in probing the presence of NSI. The issue of NSI and oscillation in 
neutrino experiments with terrestrial sources has been studied in a large number of 

publications [m m im im im im im [TO im im im im im im [TM 

[T25l fT26] . In Ref. [IIH] it was shown that MINOS g] on its own is not able to put 
new constraints on NSI parameters. On the other hand, in Ref. |117] the combina- 
tion of atmospheric data with MINOS was proven to be effective in probing at least 
some of the NSI parameters. Since matter effects are relatively small in MINOS, its 
main role in that combination is to constrain the vacuum mixing parameters. 

The question we would like to address here is whether the combination of MINOS 
and OPERA |127j can provide useful information on NSI. OPERA has recently seen 
the first events in the emulsion cloud chamber [128] and hence it appears timely to 
ask this question. The idea is that OPERA will be able to detect Vr and has a very 
different L/E than MINOS. Both factors are known to help distinguish NSI from 
oscillation effects. Clearly, much larger improvements on existing sensitivities are 
expected from superbeam experiments like T2K [129] and NOi/A |130j especially 
in combination with reactor neutrino experiments like Double Chooz |13H 1132] or 
Daya Bay |133j . see Ref. |126] . We will here focus on the simple case where NSI 
only affects neutrino propagation. 



3.4.1 Basic setup 
A) Evolution Hamiltonian 

The evolution of neutrinos will be governed by the Hamiltonian given in Eq. fl6.31jl 
^ /O 

H = —U Aml^ I + Vcc I I + Vcc I I , (3.9) 



2E 



Am^i 










0^ 




( 


Eer \ 


+ ^cc j 











1 + V^cc j 










^0 











Err / 



where we have assumed the e's to be real for simplicitjil]. We have also made use 
of the fact that all e^^ are fairly well constrained and hence are expected not to 



^The inclusion of phases has been considered in the hterature, see, e.g., Refs. |123l 1134] 
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Label 


L 




Power 


^run 


Channel 


MINOS2 (M2) 


735 km 


3 GcV 


5 X 10^0 pot/yr 


5 yr 




OPERA (0) 


732 km 


17 GcV 


4.5 X lO^^ pot/yr 


5 yr 




Double Chooz (DC) 


0.2 km (near) 
1.05 km (far) 


4 MeV 


8.4 GW 


5 yr 


De De 



Table 3.2: Main parameters of the experiments under study. 



play a significant role at leading order. The effect of scaling of the matter 

density and all experiments considered here are not expected to be sensitive to 
standard matter effects. Hence we will set See = 0. Note, that the e as defined 
here, are effective parameters. At the level of the underlying Lagrangian describing 
the NSI, the NSI coupling of the neutrino can be either to electrons, up or down 
quarks. From a phenomenological point of view, however, only the (incoherent) sum 
of all these contributions is relevant. For simplicity, we chose to normalize our NSI 
to the electron abundance. This introduces a relative factor of 3 compared to the 
case where one normalizes either to the up or down quark abundance (assuming 
an isoscalar composition of the Earth), i.e. the NSI coupling to only up or down 
quark would need to be 3 times as strong to produce the same effect in oscillations. 
Since both conventions can be found in the literature, care is required in making 
quantitative comparisons. 

There are two potential benefits beyond adding statistics from combining the 
data from MINOS and OPERA: First, OPERA can detect Vr which, in principle, 
allows to directly access any effect from Ext- Moreover, although the baseline is 
the same, the beam energies are very different {E) ~ 3 GeV for MINOS, whereas 
{E) ~ 17 GeV for OPERA. 

B) Experiments 

All numerical simulations have been done using the GLoBES (General Long Base- 
line Experiment Simulator) software |135l I136j . a package especially designed for 
the simulation of long baseline neutrino oscillation experiments. In order to include 
the effects of the NSI we have customized the package by adding a new piece to 
the Hamiltonian as shown in Eq. (13.91) . We have considered three different experi- 
ments: MINOS, OPERA and Double Chooz, the main characteristics of which are 
summarized in table 13.21 

MINOS is a long baseline neutrino oscillation experiment using the NuMI neu- 
trino beam, at FNAL. It uses two magnetized iron calorimeters. One serves as near 
detector and is located at about 1 km from the target, whereas the second, larger one 
is located at the Soudan Underground Laboratory at a distance of 735 km from the 
source. The near detector is used to measure the neutrino beam spectrum and com- 
position. The near/far comparison also mitigates the effect of cross section uncer- 
tainties and various systematical errors. In our simulations, based on [1371 11381 1139] , 
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we have used a running time of 5 years witli a statistics corresponding to a primary 
proton beam of 5 x 10^'' per year, giving a total of 2.5 x 10^^, the maximum reachable 
value reported by the MINOS collaboration. The mean energy of the neutrino beam 
is {E) ~ 3 GeV. 

The OPERA detector is located at Gran Sasso and gets its beam from CERN 
(CNGS). OPERA consists of two parts: a muon tracker and an emulsion cloud 
chamber. The latter one is the part which is able to discern a Vr charged cur- 
rent interaction by identifying the subsequent r-decay. The baseline is 732 km. 
Following [1371 11271 1140] we assume a 5 year run with a nominal beam intensity 
of 4.5 X 10^^ pot per year. The CNGS neutrino beam has an average energy of 
{E) ~ 17 GeV. Since both MINOS and OPERA have the same baseline we use the 
same matter density which we take constant and equal to its value at the Earth's 
crust, that is p = 2.7 g/cw?. 

Finally, Double Chooz is a reactor experiment, to be located in the old site of 
CHOOZ, in France. The experiment consists of a pair of nearly identical near and 
far detectors, each with a fiducial mass of 10.16 1 of liquid scintillator. The detectors 
are located at a distance of 0.2 km and 1.05 km respectively. As considered in |141j 
we assume the thermal power of both reactor cores to be 4.2 GW and a running 
time of 5 years. The neutrinos mean energy is {E) ^ 4 MeV. 

Concerning the neutrino oscillation parameters used to calculate the simulated 
event rates, we have taken the best fit values as given in Ref. |l5], unless stated 
otherwise: 

0.32, (AmlJf-^^ = +7.6 x 10"^ eV^, 
0.5, (Am2jf-^° = +2.4 x lO'^ eV^ (3.10) 
0, = 0. 

Note the positive sign assumed for (Amg^)*™^ which corresponds to the case of 
normal hierarchy. Since, none of the experiments considered here is very sensitive 
to ordinary matter effects, our results would be very similar when choosing as true 
hierarchy, the inverted one. 

3.4.2 Results 

A) Disappearance: probing NU NSI (Sxx) 

As it has been previously shown in |117[ 1118] the presence of NSI, notably e^-,-, sub- 
stantially degrades the goodness of the determination of the "atmospheric" neutrino 
oscillation parameters from experiment. Indeed as shown in Fig. 13.21 our calculation 
confirms the same effect, showing how the allowed region in the sin^ 6'23-Aml^-plane 
increases in the presence of NSI. 

This figure is the result of a combined fit to simulated OPERA and MINOS 
data in terms of the "atmospheric" neutrino oscillation parameters, leaving the 
mixing angle to vary freely. The inner black dot-dashed curve corresponds to 
the result obtained in the pure oscillation case (no NSI). As displayed in the figure, 
allowing for a free nonzero strength for NSI parameters Err and Ser the allowed region 



sm 
sin 



2 /Dtrue 

^12 
2 /itrue 



sm 



'23 
2 /itrue 



'13 



3.4 Can OPERA help in constraining neutrino NSI? 



69 




grows substantially, as seen in the solid, red curve. Intermediate results assuming 
different upper bounds on \erT\ strengths are also indicated in the figure, and given 
in the legend. One sees that the NSI effect is dramatic for large NSI magnitudes. 
A similar result has been obtained in Fig. 2 of Ref. [118] . However, such large 
values are in conflict with atmospheric neutrino data [104^ I117j . In contrast, for 
lower NSI strengths allowed by the atmospheric + MINOS data combination [117] . 
say \St-t\ = 1-5, the NSI effect becomes much smaller. Clearly beam experiments 
currently can not compete with atmospheric neutrino data in constraining Err- The 
reason for the good sensitivity of atmospheric data to the presence of NSI is the very 
large range in L/E, especially the very high energy events are crucial in constraining 
NSI [TUl] . 

In summary, the inclusion of OPERA data helps only for very large values of 
Err as can be seen also from the first line of table 13.31 These large values, however 
are already excluded by the combination of MINOS and atmospheric results [117] . 
We checked that doubling the OPERA exposure does not change this conclusion. 
The slight improvement by OPERA is exclusively due to the sample in the muon 
tracker and the results do not change if we exclude the u^- sample from the analysis. 
The usefulness of the z/^ sample stems from the very different value of L/E compared 
to MINOS. These results are not too surprising, since even a very high energy 
neutrino factory will not be able to improve the bound on Err in comparison to 
atmospheric neutrino data [120] . 
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B) Appearance: probing FC NSI (Sex) 

It is well known that, in the presence of NSI, the determination of ^13 exhibits 
a continuous degeneracy |lU9j between 613 and Eer, which leads to a drastic loss in 
sensitivity in ^13. A measurement of only P^^ and Ppg at one L/E cannot disentangle 
the two and will only yield a constraint on a combination of Oi^ and Est- In this 
context, it was shown in Ref. that even a very rudimentary ability to measure 

P^r may be sufficient to break this degeneracy. Therefore, it seems natural to 
ask whether OPERA can improve upon the sensitivity for E^r that can be reached 
only with MINOS. The latter has been studied in Ref. |117j in combination with 
atmospheric neutrinos and on its own in Ref. |118j . The result, basically, was that 
MINOS will not be able to break this degeneracy, and hence a possible 613 bound 
from MINOS will, in reality, be a bound on a combination of Eet and 6*13. 

In Tables 13.31 and 13.41 we display our results for a true value of ^13 = and no 
NSH. The allowed range for e^t shrinks only very little by the inclusion of OPERA 
data. As in the case of Err we checked that this result is not due to the u^- sample 
in OPERA but is entirely due to the different L/E compared to MINOS. Also a 
two- fold increase of the OPERA exposure does not substantially alter the result. 

In order to improve the sensitivity to NSI and to break the degeneracy between 
6*13 and Eer it will be necessary to get independent information on either Eer or 
^13. An improvement of direct bounds on Eer is in principle possible by using a 
very high energy Ug beam and a close detector, but this would require either a 
neutrino factory or a high 7 beta beam. Both these possibilities are far in the 
future and will therefore not be here considered any further. Thus, we focus on 
independent information on ^13. Reactor experiments are very sensitive to 613 but 
do not feel any influence from Eer since the baseline is very short and the energy 
very low which leads to negligible matter effects. This is true for standard MSW- 
like matter effects as well as non-standard matter effects due to NSI [142] . We 
consider here as new reactor experiment Double Chooz |132j . but for our discussion 
Daya Bay |133j or RENO [143] would work equally well. In Fig. 13.31 we show the 
allowed regions in the sin 2613-EeT plane for the combinations of MINOS and Double 
Chooz (red solid curves) and of MINOS, Double Chooz and OPERA (blue dashed 
curves) for four different input values of sin^ 2^13 indicated in the plot. As expected, 
the effect of Double Chooz in all four cases is to constrain the allowed sin 2^13 
range. The impact of OPERA, given by the difference between the solid and dashed 
lines, is absent for very small true values of sin 2^13 and increases with increasing 
true values. For the largest currently permissible values of ^13 ^ 0.16, OPERA can 
considerably reduce the size of the allowed region and help to resolve the degeneracy. 
In that parameter region a moderate increase in the OPERA exposure would make 
it possible to constrain large negative values of Eer- Again, this effect has nothing to 
do with u-r detection and, in this case, is based on the different L/E in z/g-appearance 
channel. 



^Note that the values given in our tables are obtained from the projected and for 1 degree 
of freedom only. Moreover, the resulting projected is strongly non-Gaussian. 
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sin20 



Figure 3.3: Allowed regions in the sin 2^13-eeT-plane at 95% CL (2 d.o.f.). Am^i, 823 and 
Err are left free in this fit. The solid lines correspond to the combination of MINOS2 and 
Double Chooz while the dashed lines also include OPERA in the analysis. Each set of 
lines correspond to different true values for sin^20i3, from left to right: 0, 0.01, 0.05 and 

0.1 do]. 



3.4.3 Conclusion 

We have here studied how OPERA can help in improving the sensitivities on neu- 
trino non-standard contact interactions of the third family of neutrinos. In our 
analysis we considered a combined OPERA fit together with high statistics MINOS 
data, in order to obtain restrictions on neutrino oscillation parameters in the pres- 
ence of NSI. Due to its unique ability of detecting z/^ one would expect that the 
inclusion of OPERA data would provide new improved limits on the universality vi- 
olating NSI parameter Err- We found, however, that the Uj. data sample is too small 
to be of statistical significance. This holds even if we double the nominal exposure 
of OPERA to 9 X 10^^ pot. OPERA also has a z/^ sample, which can help constrain- 
ing NSI. Here the effect is due to the very different L/E of OPERA compared to 
MINOS. This makes the OPERA z/^ sample more sensitive to NSI. However, the 
improvement is small and happens in a part of the NSI parameter space which is 
essentially excluded by atmospheric neutrino data. 

We have also studied the possibility of constraining the PC NSI parameter Ser- 
For this purpose it is crucial to have a good knowledge of ^13. Therefore, we included 
future Double Chooz data, since reactor neutrino experiments are insensitive to the 
presence of NSI of the type considered here. Therefore, reactor experiments can 
provide a clean measurement of ^13, which in turn can be used in the analysis of 
long baseline data to probe the NSI. Double Chooz is only the first new reactor 
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experiment and more precise ones like Daya Bay or Reno will follow. Our result 
would be qualitatively the same if we would have considered those, more precise, 
experiments, but clearly the numerical values of the obtained bounds would improve. 
The conclusion for Eer with respect to the z/^ sample is the same as before: the sample 
is very much too small to be of any statistical significance. OPERA's different L/E 
again proves to be its most important feature and allows to shrink the allowed region 
on the sin^ ^i3-£^er plane for large ^13 values. Here a modest increase in OPERA 
exposure would allow to completely lift the Oi^-Ser degeneracy and thus to obtain a 
unique solution. 
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M2+0 




90% C.L. 


95% C.L. 


90% C.L. 


95% C.L. 


90% C.L. 


95% C.L. 


Err 
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[-10.4,10.4] 


[-11.0,11.0] 
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[-9.2,9.2] 
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[-2.0,1.0] 
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[2.3,4.5] 


[2.2,4.9] 


[2.0,5.0] 


[2.0,5.3] 


[2.3,3.8] 


[2.2,4.0] 


sin^ 6*23 


[0.08,0.92] 


[0.07,0.93] 


[0.08,0.92] 


[0.07,0.93] 


[0.12,0.88] 


[0.11,0.89] 



Table 3.3: 90% and 95% C.L. allowed regions for Err, ^er, ^"^ii and sin^ 023 for different sets of experiments. Each row is 
marginalizing over the remaining parameters in the table, plus ^13. The true value for sin^ 2^13 is |10j . 
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[-7.9,9.0] 
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[-4.2,1.3] 


[-4.5,1.5] 


[-4.3,1.5] 


[-5.0,1.8] 


[-3.7,1.2] 


[-4.1,1.4] 


[-0.5,0.4] 


[-0.7,0.5] 


Am|i [10-3 cV2] 


[2.3,4.6] 


[2.2,5.0] 


[2.0,4.8] 


[2.0,5.2] 


[2.3,4.0] 


[2.2,4.2] 


[2.3,2.8] 


[2.3,2.9] 


sin^ 6*23 


[0.09,0.92] 


[0.08,0.93] 


[0.09,0.93] 


[0.08,0.94] 


[0.13,0.90] 


[0.12,0.91] 


[0.24,0.78] 


[0.22,0.80] 



Table 3.4: Same as table 13.31 with true value sin^ 2^13 of 0.1 [TO] , 
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Chapter 4 



Collective Supernova Neutrino 
Transformations in Two Flavors 

It is well known that neutrino interactions with the medium have a strong impact in 
their evolution, through the induced effective matter potentials Vcc, and V^r, as 
discussed in Chapter |21 What is not really well understood is the effect of neutrinos 
themselves, as a background medium. It was first pointed by Pantaleone [144j that 
the inclusion of neutrino-neutrino interaction into the problem would introduce an 
off-diagonal refractive index. The oscillation equations become then non-linear, 
leading sometimes to surprising collective phenomena in very dense environments 
such as the early Universe or core-collapse SNe. 

Initially most of the attention was centered on the context of the early Universe, 
first in a series of papers by Samuel, Kostelecky and Pantaleone |145[ 11461 1147[ 11481 
nm nm iml 11521 and later by other authors ^M, [ISSl MB [EZl USE]. But 
it was not until very recently that the community has realized the importance this 
ingredient might have in the frame of SN neutrinos [HI [T21 [131 11591 116UI 11611 UM 

In the dense neutrino flux emerging from a SN core, neutrino-neutrino refraction 
causes non-linear flavor oscillation phenomena that are unlike anything produced 
by ordinary matter. There are several aspects that have to be taken into account 
when studying neutrino-neutrino interactions in the context of SN. The main two 
are multi-angle and multi-energy effects. On the one hand, neutrinos are not emitted 
from a single point but a spherical surface, the neutrino sphere. As a consequence, 
and due to the current-current nature of the weak interaction, neutrinos moving in 
different directions will experience a different refractive effect caused by the other 
neutrinos. On the other hand, the effect is energy dependent, and since SN neutrinos 
are emitted with a broad spectrum, this dependency could be an issue. 

In this chapter we will address the question of multi-angle effects in SN neutrino 
transformations in a two flavor scenario, for both single and multi-energy configura- 
tions. But before we will review the main characteristics of the collective phenomena 
caused by the dense neutrino background. 
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4.1 Introduction 

In order to study this complicated non-linear problem it is convenient to use the 
density matrix formalism. Mixed neutrinos are described by matrices of density gp 
and for each (anti)neutrino mode, where overbarred quantities refer to antineu- 
trinos here and now on. The diagonal entries are the usual occupation numbers 
whereas the off-diagonal terms encode phase information. The equations of motion 
(EOMs) are 

idtQp = [Hp, ^p] , (4.1) 

where the Hamiltonian is |176j 

Hp = l]p + V + v^Gf J ^ (f?q - g^) (1 - vq ■ Vp) , (4.2) 

Vp being the velocity of a neutrino mode with momentum p. The matrix of vacuum 
oscillation frequencies is Qp = diag(m^, m|)/2|p| in the mass basis. The matter 
effect is represented, in the weak interaction basis, by V = -\/2 Gf?^_b diag(Ye5 0, Y^^), 
as defined in Chapter [21 The factor (1 — Vq ■ Vp) = (1 — cos^pq) represents the 
current-current nature of the weak interaction. For antineutrinos the only difference 
is ilp — l^pEl, i.e., in vacuum antineutrinos oscillate "the other way around". 

In the h'e-i'x two-flavor system, the density matrices can be reduced to polariza- 
tion vectors by using the Pauli matrices and the unit matrix. Therefore the EOMs 
can be reexpressed in terms of the polarization vectors using: 

g=^[P, + p.a] , (4.3) 

where cr is the vector of Pauli matrices. In this formalism the survival probability 
of z/g is given at time t by |[1 + Pz(t)], and Eqs. (14.11) and (14. 2 p become 

Pp = HpXPp, (4.4) 

Hp=^pB+AL + /io J ^ (Pq-Pq)(l-Vq-Vp) , (4.5) 

where Up = \^m? /2E\ is the vacuum oscillation frequency with E = |p| for rel- 
ativistic neutrinos, B = (sin 2^, 0, ± cos 26') is a unit vector in the mass direction 
in flavor space where the "— " sign corresponds to normal hierarchy and the 
sign to inverted hierarchy, L is a unit vector in the weak-interaction direction with 
B ■ L = cos 26 and 6 the vacuum mixing angle. The effect of a homogeneous and 
isotropic medium is parameterized by 

A = V2GF(ne- -ne+) , (4.6) 



^This convention is equivalent to the one used in the previous chapters, where antineutrinos 
had opposite sign for the matter potential with respect to neutrinos, i.e. V — > —V. 
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Figure 4.1: Evolution of and Pz for the system of equations Eq. ()4.8p for inverted 
hierarchy, with 9 = 0.01, uj = 1 km~^, and a constant neutrino-neutrino interaction 
/i = 10 km~^. 

where ?T,e± is the electron/positron number density. Finally the neutrino-neutrino 
term is given by 

/io = V2Gf [F^: - F^:) , (4.7) 

where F^^" and F^" are the i>e and fluxes, taken at the neutrino sphere with 
radius Ri,. 

4.1.1 Single- angle and single- energy 

Let us begin with the simplest case, single-angle and single-energy. We consider 
a two flavor system initially composed of equal densities of pure Ue and Ue, all of 
them emitted in the same direction with equal energies. The flavor content of these 
ensembles will be given by the polarization vectors in flavor space P and P. By 
deflnition, we take these vectors to be unitary. 

In vacuum the general EOMs given by Eq. (14.41) are reduced for this system to 

dtP = [+a;B + /i(P-P)] X P, 

dtp = [-iuB + ^ (P - P)] X P . (4.8) 

In Fig. 14.11 we show the evolution of Pz and Pz, given by Eq. (14. Sp . for a small 
vacuum mixing angle, inverted mass hierarchy and a constant fi. Initially, both P 
and P stay put. After some time, though, they flip completely, but immediately 
return to their original state, leading to periodic motion. This behavior, translated 
to flavor language, means that we obtain complete and simultaneous conversion of 

and Ue to z/^ and and back. For the normal hierarchy on the other hand, 
nothing visible happens. 

This evolution was proved in Ref. [H] to be equivalent to a pendulum in flavor 
space, by reducing the EOMs to those of a spherical pendulum. Making use of this 
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12 3 4 

t 

Figure 4.2: Evolution of Pz and Pz in several systems with background matter described 
by Eq. (j4.9p . We are using inverted hierarchy, sin 2(9 = 0.001, w = 1 km-\ and fi = 10 
km~^ for all three systems. The red/solid line has A = 10^, the blue/dashed line A = 10^, 
and the violet /dotted line A = 10^. 

analogy it is possible to explain why we only obtain bipolar conversion in the inverted 
hierarchy case. For normal hierarchy the system initially sets near the minimum of 
the pendulum potential and is therefore trapped leading to no visible effects. In 
the inverted hierarchy, conversely, the evolution starts with the system close to the 
maximum of the potential in an unstable equilibrium. Therefore it will always move 
to the minimum, leading to this periodic bipolar conversion. The bipolar period, 
i.e. the separation between dips, is obtained to scale logarithmically with the small 
vacuum mixing angle. 

In the presence of a background medium of charged leptons the EOMs, Eq. (14.41) . 
become: 

dtP = [+cc.B + AL + /i(P-P)] X P, 

dtp = [-cuB + AL + ;u(P-P)] X P. (4.9) 

As it was first pointed out by Duan et al. |159] . by going to the frame co-rotating 
around the L-direction we can reduce this equations to the ones in vacuum, Eq. (14.81) . 
with a time dependent B, 

/ sin(2^o) cos(-At) \ 
B= sin(2eo) sin(-At) . (4.10) 
V -cos(2^o) / 

In this picture B rotates around the z-direction with frequency —A. If this rotation 
is faster than all other frequencies one would naively expect that the transverse 
components of B average to zero, leaving us with (B) along the 2;-axis, i.e., an 
effectively vanishing mixing angle and no flavor conversion. However, this fast ro- 
tating transverse components are still enough to trigger the conversion effect, with 
a matter suppressed effective mixing angle, though. Thus, the presence of matter 
in this simple picture is just to extend logarithmically the bipolar period. This is 
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Figure 4.3: Survival probabilities for Vf, or Vf, for a system with /^o 
sin 20 = 0.001 and symmetric initial conditions. 
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illustrated in Fig. 14. 2[ A more detailed description of the consequences of adding an 
ordinary matter background will be given in Sec. 14.41 for the multi-angle case. 

In a realistic SN scenario the neutrino self-interaction strength is not constant. 
There is a radial dependence for the yU parameter. From the neutrino flux dilution we 
obtain a scaling, but there will also be another factor due to the coUinearity 
suppression, coming from the (1 — Vq ■ Vp) factor in Eq. (14. 2p . These two effects 
leave us essentially with an decline for the self-interaction term, see Appendix A 
for a more detailed description. We add now this neutrino density dependence, 
normalizecl^ at the neutrino sphere to jiQ = iJi{Ry) = 7 x 10^ km~^, to the previous 
picture: initial equal numbers of z/g and alone, inverted mass hierarchy and small 
mixing angle sin 2^ = 0.001. We then find numerically the survival probability 
shown in Fig. 14.31 We obtain a decline of the oscillation amplitude as a function 
of radius leading to a complete flavor conversion caused by the bipolar effect. This 
result is to be compared with the periodic bipolar oscillations obtained in Fig. 14.11 
with a constant /i. This behavior can be understood using the pendulum analogy, 
Ref . [11] . The basic idea is that by reducing yU, the energy of the system is also being 
reduced, so that, after the oscillation, the pendulum will not come back to its initial 
position (the maximum of the potential) but to a lower one, which will be closer 
and closer to the rest point as /i decreases. 

Another important feature to be taken into account in our way to simulate a 
realistic SN scenario, is the initial flux asymmetry obtained in typical SN numeri- 
cal simulations. As described in Chapter [H one expects the hierarchy of neutrino 
number fluxes F^j^ > F^" > F^" = F^" . We take this into account by imposing 
the initial conditions = 1 and = 1 + e, where the asymmetry parameter, e, 
represents the neutrino excess coming from the deleptonization of the collapsed core, 
and is defined as 

frR„ _ pRi, pRv _ pRi' 

£ — i^e fx _ _ fe -[^ -J 



:^Ry 



^R^ 



?R^ 



^Tliis number, which we take here by definition, will be motivated in Sec. I4.3.T1 
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Figure 4.4: (blue) and Pz (red) evolution in our toy SN model with 25% more neutrinos 
than antineutrinos and sin 2^ = 0.001. The grey shaded bands show the synchronization 
(dark) and bipolar regions (light). 

where we have used F,^" = F^'\ We can assume F^" = F,^" = at the neutrino 
sphere without loss of generality, since flavor oscillations do not change those parts 
of the flavor fluxes that are already equal. Only the transformation of the excess Ve 
flux over the flux is observable, and likewise for neutrinos. 

Choosing e = 0.25 and solving numerically the EOMs for this system, given in 
Eq. 04.81) ■ we obtain the results shown in Fig. 14.41 We can distinguish different 
regimes of evolution, corresponding to different relative strengths of /i with respect 
to oj. For large values of /i/cu, right behind the neutrino sphere and up to about 
100 km, we observe a flrst stage of synchronized evolution where both neutrinos 
and antineutrinos stay in their original flavor. For intermediate values of /i/cj, after 
what we call rgyn, we get a second stage of bipolar conversion, where complete pair 
transformations Vei^e ^x^x are developed, keeping always the initial flavor lepton 
asymmetry conserved. The nutations we observe during this bipolar phase depend 
on the mixing angle, the smaller 9 is, the larger the depth of the nutations. Beyond 
this point, small /i/co", the neutrino-neutrino interactions die out and we obtain 
ordinary oscillations, where of course, normal matter will play an important role. 
The limiting condition between synchronized oscillations and bipolar conversions 



•^In this paper fi was normalized to the density of neutrinos and the results were expressed in 
terms of a = 1/(1 + e). Here we have normalized /i to the density of antineutrinos and use the 
picture of an excess of neutrinos, expressed by e. For the same physical system our /i is the one of 
Ref. [Hj, divided by 1 + e. 



is found to be in Ref. [T1]FI 




(4.12) 
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This means that for values of /i larger than this quantity synchronized evolution is 
obtained, while for smaller values is the turn of bipolar transformations. The end 
of this bipolar regime is determined by the condition, 

K^hip) ^ t^, (4.13) 

thus for smaller values of fi no bipolar conversions are to be expected. In the single- 
angle case we find from Eq. (1A.20|) that the effective neutrino-neutrino interaction 
strength varies at large distances as 

/Xeff(r)=/io||. (4.14) 
Therefore, the synchronization radius is 

1/2 



V 2 / \uj) ^ 2 \uj) 



(4.15) 

The second line assumes e <^ 1. The bipolar radius on the other hand is given by 



!:^ = (i^y^\ (4.16) 

If we assume the values of the parameters used in Fig. 14.41 oj = 0.3 km~^, /ig = 
7 X 10^ km~ , Ry = 10 km and e = 0.25, we find rgyn = 95 km and rbip = 330 km 
corresponding well to the figure. For a typical Fe core SN the H- and L-resonances 
take place far outside this region, and therefore both effects are decoupled. Lower 
mass progenitors, though, may collapse with a 0-Ne-Mg core. In this kind of SN 
the density profile may be such that both effects occur in the same region [168] . 
Throughout this thesis we will concentrate on the former case. 

Changing the vacuum mixing angle and adding normal matter causes only the 
minor logarithmic changes discussed earlier. We illustrate this point in Fig. 14.51 
with the evolution of for the same case as in Fig. 14. 4[ but assuming now a large 
vacuum mixing angle sin 2^ = 0.1. In the synchronization region one can now see 
oscillations. On the left panel of the top row, we overlay this curve with Pz, using 
a typical matter profile, while on the right panel we superimpose the vacuum case 
with a reduced mixing angle. This reduced mixing angle is chosen to be the effective 
one at rsyn due to the matter profile used for the left panel. As expected, matter 
has the effect of slightly delaying the onset of pair transformations. 



4.1.2 Single-angle and multi-energy 

In addition to the radial dependence of fi and the initial neutrino-antineutrino asym- 
metry, another feature of SN neutrinos that plays an important role in this analysis 
is their energy spectra. As described in Chapter [H far from being monochromatic, 
neutrinos are emitted from the star in a rather wide energy range, typically from 1 
to 50 MeV. We need then to study the consequences of a multi-energy analysis. 
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Figure 4.5: Top: Same case as in Fig. 
but for large vacuum mixing angle of 
sin 20 = 0.1 (blue in both panels), com- 
pared with different ways of suppressing the 
mixing angle (red). Left: ordinary matter 
according to the profile at t = 2 s in bot- 
tom panel, where typical profiles of Garch- 
ing group |177| plus fi{r) are shown. Right: 
small vacuum mixing angle of sin 20 = 
3.35 X 10"^ [H]. 



Let us start considering the evolution of an ensemble consisting of only neutrinos 
with many momenta, pj. In this case the general EOMs, Eq. (14.41) . can be written 
for each mode as 

dtPj = (ujjB + /iJ) X Pj , (4.17) 

analogously to Eq. (14.81) . where Uj = Am'^/2pj. We have defined the polarization 
vector for the entire ensemble as 

J^J^P,, (4.18) 

i=i 

being the number of neutrino modes. In the well known case where we do not 
consider neutrino-neutrino interactions, or these are too weak, each energy mode 
oscillates around B with its particular frequency Uj. This behavior leads inevitably 
to a quick decoherence. The effect is illustrated in Fig. 14.61 for an ensemble of 
neutrinos with a thermal momentum distribution at temperature T. The vacuum 
mixing angle was taken to be sin 26' = 0.8 and all neutrinos were originally in a pure 
z/g state. 

The situation changes, though, if we consider a sufficiently dense neutrino en- 
semble |154j . In such a case all neutrino modes oscillate together with a common 
synchronized frequency. This leads to a net oscillation effect for the whole neutrino 
ensemble, as shown in Fig. 14.61 In this case, we can no longer neglect the second 
term in Eq. (14.171) . 
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Figure 4.6: Total survival probability as a function of time, where r = (Am^/2po)i 
and po = - 2.2 T. The curves are for different values k = /u/(Am^/2po) of the 

neutrino self-coupling as indicated where n = corresponds to vacuum oscillations |154j . 



This effect can be intuitively understood by looking at the EOMs, Eq. (14.171) . 
We see two different oscillatory components. On the one hand each individual mode 
precesses around B with a particular Uj, on the other hand all of them precess 
around the global polarization vector J with a common frequency. Of course, J is 
not a constant vector, but depends on the behavior of Pj. If we sum Eq. (I4.17P over 
all modes we obtain 

j = BxJ]^,P,. (4.19) 

Therefore, if the precession frequency around J is much larger than the one around 
B, i.e. if n is sufficiently large and changes sufficiently slowly (adiabatic limit [165] ). 
the evolution of a given mode remains dominated by J. The fast precession around 
J implies that the projection of Pj on J is conserved while the transverse component 
averages to zero on a fast time scale relative to the slow precession around B. If 
J moves slowly, then the individual modes will follow J. Of course, if the external 
field is much larger than the internal ones (dilute neutrino gas), then the modes 
will decouple and precess individually around the external field with their separate 
vacuum oscillation frequencies. 

We can now derive the synchronization frequency that leads the evolution of the 
compound system, 

j=CUsynBxJ. (4.20) 

Of the individual modes, the external field "sees" only the projection along J because 
the transverse components average to zero. One can define here an effective magnetic 
moment, M, of the system, obtaining that the contribution of mode j to this total 
magnetic moment is Uj J ■ Pj so that 



M = 3j2^,3-Pj, 



(4.21) 
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where J is a unit vector in the direction of J. And we therefore obtain 



M 



^syn 



i-5^^,J-P,. (4.22) 



In particular, if all modes started aligned (coherent flavor state) then | J| = and 
J ■ Pj = 1 so that 



, , 1 ^ Am^ Am^ , 1 , , ^ 



syn 



iV,^ 2p, 2 V 



Let us study now the case where neutrinos and antineutrinos are simultane- 
ously present, with a continuum of energy modes. Therefore, all the summations 
in the quantities deflned previously will become integrals. We can then define 
J = dujY*^ and J = duP^ and introduce D = J — J, representing the 
net lepton number. The equivalent EOMs to those of Eq. fl4.8p are now 

atP^ = {+ujB + /iD) X P^ , 

dtP^ = {-uB + ^D) X P^ . (4.24) 

As discussed earlier, the only difference between the equations for neutrinos and 
antineutrinos is the sign in the vacuum term. This suggests the use of a more 
compact notation, where we use only P^^ by extending it to negative frequencies 
such that P(^ = P_tj (cj > 0). The EOMs take then the very same form as Eq. fl4.17p 

P^ = (cuB + /iD) X P^ . (4.25) 

The difference vector is then redefined as 

/ + 00 

dujs^V^, (4.26) 
-oo 

where = sign(c<j) = u/\u!\. Integrating both sides of Eq. fl4.25p over Si^du provides 

D = BxM, (4.27) 

where 

r+oo 

M= dus^uP^ (4.28) 



oo 



is again the effective magnetic moment of the system. 

We have obtained a completely analogous situation to the neutrino-only case. 
Here both neutrinos and antineutrinos behave in the same way if fi is sufficiently 
large, and therefore M oc D. As a consequence, and making use of Eq. 04.271) . we 
see how D precesses around B with the synchronization frequency 

I Ml f^"^ du s^u 

^syn = y = ^7+00 , (4.29) 
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Figure 4.7: Neutrino spectra at the neutrino sphere (thin lines) and beyond the dense- 
neutrino region (thick hues) for the schematic SN model described in the text. Solid: 
neutrinos. Dashed: antineutrinos. Positive spectrum: electron (anti) neutrinos. Negative 
spectrum: x (anti)neutrinos. 



which is just the generahzation of Eq. (14.221) . 

So, just as in the neutrino-only case, we obtain that a multi-energy ensemble 
behaves as if all neutrinos had a common vacuum oscillation frequency given by 
Eq. (14.291) . Therefore the evolution of a neutrino and antineutrino ensemble with an 
energy spectrum will be basically the same discussed in Sec. I4.1.H with a vacuum 
oscillation frequency oj^yn- 

After this generic discussion on the multi-energy case, let us concentrate again 
on the specific scenario of interest, a SN with varying ^ and flavor asymmetry e. 
Although the evolution of the system is basically the same discussed for the single- 
energy situation, as we have just deduced, there is one special feature characteristic 
of such a system, namely the spectral split. This effect was first numerically observed 
by Duan et al. [16011161] and later on discussed in the context of two flavors by Raffelt 
and Smirnov [T5l 1165] . Fogli et al. [16], and in three flavors by Duan et al. [170] and 
Dasgupta et al. [19] . The main result is shown in Fig. 14.71 taken from Ref . [165] . 
Represented with thin lines are the thermal Vg. and z/g flux spectra with an average 
energy of 15 MeV produced in the neutrino sphere of a SN core. The mean energies 
are chosen to be equal while the z/g flux is 25% larger than the flux and the other 
fluxes are completely ignored. With thick lines are shown the emerging spectra, 
once neutrino-neutrino interactions can be neglected. On the one hand we observe 
how the antineutrino spectra (dashed line) has completely flipped, converting to the 
x-flavor. On the other hand a twofold behavior is observed for neutrinos (solid), all 
of them above a characteristic energy (-E'sput) convert also to the x-fiavor, while the 
ones below -Egput stay in their original state. 

To understand this result we will follow the description given in Ref. [165] . We 
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rewrite the EOMs for this system in terms of an effective Hamiltonian 

dtPu, = X , (4.30) 

where 

n^ = iuB + /iD. (4.31) 

As described previously, in the adiabatic limit will precess around H^^ following 
at the same time its movement. We assume the usual situation in which all neutrinos 
are initially in the same state, all of P^j pointing in the direction of due to the 
large initial /i. Therefore, in the adiabatic limit they stay aligned with H^^ for the 
entire evolution: 

P^(/i) = H^(/i)P,, (4.32) 

which solves the EOMs. Here P^^ = |P^| and H,^ = H^/|H^| is a unit vector. 
As usual we assume an excess flux of neutrinos over antineutrinos, implying that 
initially P^ and D are coUinear and > 0. 

In the adiabatic limit then, all P^^ will have the same direction as H^, which in 
turn will be confined to the B — D plane, as given in Eq. fl4.3ip . As a consequence 
M will also stay in that plane, allowing us to redefine it as 

M = 6B + a^cD (4.33) 

and rewrite the EOM of Eq. flOTD as 

dtB = B X D. (4.34) 

The system is therefore evolving simultaneously in two ways: a fast precession 
around B determined by Uc = ciJc(/i) and a drift in the co- rotating plane caused 
by the explicit fi{t) variation. If we go to the co-rotating frame, the individual 
Hamiltonians become 

U^ = {uj- cjc) B + . (4.35) 

We can now see how the system evolves with the decrease of fi. Initially (/i oo) 
the oscillations are synchronized, ui^ = o^syn, and all P^ form a collective P. As 
decreases, the P^; zenith angles spread out while remaining in a single co-rotating 
plane. In the end (/i — > 0) the co-rotation frequency is and Eqs. (14.321) and fl4.35p 
imply that all final and therefore all P^ with uj > are aligned with B, the 
others anti-aligned: a spectral split is inevitable with Usput = uj^ being the split 
frequency. The lengths P^^ = \Puj\ are conserved and eventually all P^ point in the 
±B directions. Therefore the conservation of flavor- lepton number gives us Wsput, 
for Dz > 0,hy virtue of 

/O /•'^spiit r+oo 

P^duj- P^duj+ P^ du . (4.36) 

-oo Jo >^l-^split 

In general, Wspiit = 7^ = u^y^- 

It appears naturally from this explanation that the spectral split will take place 
only for neutrinos or antineutrinos, depending on which of them has the largest 
flux. As a particular case, there would be no spectral split for equal neutrino and 
antineutrino fluxes. 
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4.2 Multi-angle analysis. Equations of motion 

As described in the introduction, the question we want to address in this chapter 
is the consequences of the multi-angle analysis in the evolution of SN neutrinos, 
for both single and multi-energy cases. This kind of neutrinos are not emitted 
from a single point, but from the neutrino sphere, which can be approximated as 
a spherical surface. The EOMs will therefore be affected by the geometry of the 
problem, including an angular dependence. 

Our fundamental quantities are the flux matrices in flavor space Jr that depend 
on the radial coordinate r (Appendix A). The diagonal entries represent the total 
neutrino number fluxes through a sphere of radius r. In the absence of oscillations, 
Jr would not depend on the radius at all. The flux matrices are represented by 
polarization vectors in the usual way, 

2 2 '^r ^ 

= f:££_^:^ + £££__^p^.o-, (4.37) 

where cr is the vector of Pauli matrices. The number fluxes F^" are understood 
at the neutrino sphere, as always. In both equations the term proportional to the 
polarization vector is normalized to the antineutrino flux. As a consequence, at the 
neutrino sphere we have the normalization 

P=|P| = l + e and P = |P| = 1 . (4.38) 

where e is the asymmetry parameter defined in Eq. fl4.1ip . In this way, we treat the 
excess flux from deleptonization as an adjustable parameter without affecting the 
baseline flux of antineutrinos,. 

The diagonal part of the flux matrices is conserved and irrelevant for flavor 
oscillations. The polarization vector P^ only captures the difference between the 
flavor fluxes. For this reason we have defined the asymmetry e in terms of the flux 
differences. 

We want to study here multi-angle effects. For the geometry we are considering, 
it is convenient to label the different angular modes with 

u = sm^dR, (4.39) 

where is the zenith angle at the neutrino sphere r = oi a. given mode relative 
to the radial direction, see Fig. 14. 8[ The parameter u is fixed for every trajectory 
whereas the physical zenith angle i)r at distance r varies. Therefore, using the local 
zenith angle to label the modes would complicate the equations. 

We will consider two generic angular distributions for the modes. In the multi- 
angle case we assume that the neutrino radiation field is "half isotropic" directly 
above the neutrino sphere, i.e., all outward moving modes are equally occupied as 
expected for blackbody emission. This implies (Appendix A) 



Pu,r = dPr/du = const. 



(4.40) 
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Figure 4.8: Schematic neutrino emission in a spherical symmetric system. The solid line 
represents a neutrino emitted from the neutrino sphere {Ry) at an angle Or relative to the 
normal direction. This neutrino intersects the radial axis at point P at distance r from 
the center of the star, forming an angle 0^ with the axis. The system therefore satisfies 
R^smOji = r sin Or- Point P sees only neutrinos traveling within the cone delimited by 
the dotted lines. Figure adapted from |160j . 



aX r = Ry for < n < 1. Note that n = represents radial modes, u = 1 tangential 
ones. The other generic distribution is the single-angle case where all neutrinos are 
taken to be launched at 45° at the neutrino sphere so that u = 1/2 for all neutrinos. 
This is a very interesting case, because as we will later see it seems to catch the 
whole physics of the problem. Moreover, from a more practical point of view, this 
approximation saves a lot of numerical effort. 

For a monochromatic energy distribution, the EOMs in spherical symmetry are 
(Appendix A) 



(9 P = + 



^0 72" 



du' 1 X ( ^ 1 - fP, - P.) X P, 

Vu',r 



_ — uiB X P,, ~. A»iL X P., ~ / . . ^ 

drPu,r = ^ + ^ ^+ (4.41) 



2 

"1/ 



1 -p p \ /p 

1 / ^u',r ^ u' ,r \ I ^ 



du' ' ' 1 X ( ^ 1 - (P, - P,) X P,,,, 

'Vu'^r 



where the radial velocity of mode u at radius r is 

Vu,r = V^-^^Rl/r^- (4.42) 

The radial velocity in Eq. (14.411) introduces a relative strength factor for the 
different angular modes. As a consequence, one would expect two sources of kine- 
matical decoherence, the self-interaction term and the matter term. We do not 
consider the vacuum term as a possible source for decoherence because by the time 
this term is dominant neutrinos are basically coUinear. It seems important then to 
study the self-induced neutrino decoherence and the role of dense matter in collective 
SN neutrino transformations. 



4.3 Decoherence in SN neutrino transformations. 



89 



4.3 Decoherence in supernova neutrino transfor- 
mations suppressed by deleptonization 

The current-current nature of the weak interaction causes the interaction energy to 
depend on (1 — cos 6*) for two trajectories with relative angle 9. Therefore, neu- 
trinos emitted in different directions from a SN core experience different refractive 
effects |160[ 1161] . As a result, one would expect that their flavor content evolves 
differently, leading to kinematical decoherence between different angular modes [12] . 
In the SN context, however, it has been numerically observed that the evolution is 
similar to the single-angle (or the isotropic) case |16Ul 1161] . We analyze here up to 
which extent this approximation is valid and study the role of the different model 
parameters on the decoherence coming from multi-angle effects. 

In Ref |164j it was shown that this multi-angle decoherence is indeed unavoidable 
in a "symmetric gas" of equal densities of neutrinos and antineutrinos. Moreover, 
this effect is self-accelerating in that an infinitesimal anisotropy is enough to trigger 
an exponential run-away towards flavor equipartition, both for the normal and in- 
verted hierarchies. Therefore, the observed suppression of multi-angle decoherence 
must be related to the z/gZ/g asymmetry that is generated by SN core deleptonization. 

To illustrate this point we show in Fig. 14.91 a few examples along the lines of 
Fig. 14. 4^ but now for multi-angle emission from the neutrino sphere that is again 
taken at 10 km. We consider different values of the asymmetry parameter. The 
left panels are for the normal hierarchy, the right panels for the inverted hierarchy. 
Since Pz{t) —Pz{r) = e is constant, it is sufficient to show Pz{r) alone. However, the 
length P = |P| is no longer preserved: Complete kinematical decoherence among 
the angular modes would cause P = 0. On the other hand, if P = 1 remains fixed, 
this signifies that all modes evolve coherently with each other. We use P rather 
than P because the former measures what happens to the z/gt'e pairs, whereas the 
latter also includes the conserved excess. 

In the top row we use e = (symmetric case). The flavor content decoheres 
quickly in agreement with Ref. |164] . Both the length and the z-components of P 
and P shrink to zero within about 20 meters of the nominal neutrino sphere. 

On the other extreme, we show in the bottom row the same for e = 0.25. In the 
normal hierarchy, nothing visible happens, in analogy to the single-angle case. In the 
inverted hierarchy, the transformation is similar, but not identical, to the single-angle 
case. The nutations wash out quickly. Shortly after exiting from the synchronization 
phase, the length P shrinks a bit, but stays almost constant thereafter. Clearly, some 
sort of multi-angle effect has happened as we will discuss further in Sec. I4.3.2[ but 
multi-angle decoherence has certainly not occurred. 

In the two middle rows we show intermediate cases with e = 0.06 and 0.12, re- 
spectively. For the inverted hierarchy, these examples are qualitatively equivalent. 
The evolution is at first similar to the single-angle case and analogous to e = 0.25. 
The nutations are washed out and the length P shrinks a little bit after the synchro- 
nization radius. At some larger radius, however, something new happens in that P 
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Figure 4.9: Radial evolution of Pz in a schematic SN model as in Fig. 14.41 but now for 
multi-angle neutrino emission at the neutrino sphere {Ry = 10 km). In addition we show 
the length P = |P| as a measure of kinematical coherence. Left: normal hierarchy. Right: 
inverted hierarchy. From top to bottom: e = 0, 0.06, 0.12 and 0.25, where e is defined in 
Eq. (im]l [I7|. 
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suddenly shrinks significantly, although not to zero, and there is a distinct feature 
in the evolution of the ^-component. Now we obtain partial decoherence. The final 
fiavor content is very different from the single-angle case. 

In the normal hierarchy, and for e = 0.06, we obtain large decoherence that begins 
abruptly at some radius far beyond rsyn- For the larger asymmetry e = 0.12, the 
length P also shrinks, but closely tracks Pz- As we will see, this case is somewhat like 
the second stage of the inverted-hierarchy certain amount of shrinking 

of the length of P and thus a clear multi-angle effect, but no real decoherence. 

Depending on the deleptonization flux, here represented by the asymmetry pa- 
rameter e, the system behaves very differently. In particular, for the inverted hi- 
erarchy it is striking that there are either two or three distinct phases. We always 
have the initial synchronized phase at large neutrino densities. Next, there is always 
the quasi single- angle pair-transformation phase at distances larger than rsyn. Just 
beyond this radius, the global polarization vectors quickly shrink by a small amount, 
but then stabilize immediately. Finally, if e is below some critical value, there is a 
sharp transition to a third phase where the different angular modes decohere sig- 
niflcantly, but not completely. The practical outcome for the flavor fluxes emerging 
from the dense-neutrino region is very different depending on e. The transition be- 
tween these regimes is abrupt, a small change of e is enough to cause one or the 
other form of behavior. 

4.3.1 Setup of the problem 

In the previous section we have presented the different regimes of evolution due to 
multi-angle effects. Let us now try to understand this behavior. 

A) Schematic supernova model 

We will here consider a two-flavor oscillation scenario driven by the atmospheric 
Am^ = 1.9-3.0 X 10~^ eV". Assuming (E^) = 15 MeV, the oscillation frequency is 
u = 0.3-0.5 km~^. To be speciflc, we use 



benchmark value in the monochromatic model. 
The total energy output of a SN is around 3 x 10^^ erg, corresponding to 0.5 x 
]^g53 gj,g each of the six neutrino species if we assume approximate equipartition 
of the emitted energy. If this energy is emitted over 10 s, the average luminosity 
per flavor would be 0.5 x 10^^ erg/s. However, at early times during the accretion 
phase, the luminosity in the z/g flavor can exceed 3 x 10^^ erg/s |178] . As our baseline 
estimate we use 




(4.43) 
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Table 4.1: Default values for our model parameters. 



Parameter 


Standard value 


Definition 


e 


0.25 


Eq. f|4.11D 




7 X 10^ km"^ 


Eq. (I4.7D 


UJ 


0.3 km"^ 


Eq. f]4.43|) 


sin2e 


10"=^ 





Unless otherwise stated, throughout this section we always use the benchmark val- 
ues for the different parameters summarized in Table 14.11 In our calculations we 
always take the neutrino sphere at the radius Rp = 10 km. Of course, the physical 
neutrino sphere is not a well-defined concept. Therefore, the radius -Rj, simply rep- 
resents the location where we fix the inner boundary condition. However, essentially 
nothing happens until the synchronization radius rgyn ^ Ru because the in-medium 
mixing angle is extremely small and both neutrinos and antineutrinos simply pre- 
cess around B. Therefore, as far as the vacuum and matter oscillation terms are 
concerned, it is almost irrelevant where we fix the inner boundary condition. 

Not so for the neutrino-neutrino term because we also fix the angular distribution 
at r = Ry. While the r"^ scaling from flux dilution is unaffected by the radius for 
the inner boundary condition, the "coUinearity suppression" also scales as {R^/rY 
for r ^ Ry. If we fix a half-isotropic distribution or a single angle of 45° at a 
larger radius i?'^,, the new inner boundary condition essentially amounts to /iq — > 
/Iq = fio {Rl/Ri^y. In the early phase after bounce R^ = 30 km could be more 
reahstic, leading to a /iq value almost an order of magnitude larger. Evidently, /xq 
is a rather uncertain model parameter that can differ by orders of magnitude from 
our benchmark value. 

However, collective pair conversions only begin at rgyn where n is so small that 
synchronization ends. Therefore, the main impact of a modified /xq is to change 
Tsyn and thus to push the collective pair conversions to larger radii. In any event, 
according to Eq. (14.151) if fiQ is taken to be uncertain by two orders of magnitude, 
Tsyn only changes by a factor of 3. 

The total electron lepton number emitted from a collapsed SN core is about 
3 X 10^^. On the other hand, assuming that each neutrino species carries away 
0.5 X 10^3 erg with an average energy of 15 MeV, the SN core emits about 2 x 10^'^ 
neutrinos in each of the six species. In this simplified picture, the SN emits on 
average about 15% more Uf. than z/g. However, in the oscillation context we need the 
excess of — relative to the same quantity for antineutrinos as defined in 
Eq. (14. lip . The true value of e thus depends sensitively on the detailed fluxes and 
spectra of the emitted neutrinos. The asymmetry parameter is large when the first 
hierarchy in F^" > F^" > F^" = F^" is large and/or the second hierarchy is small. 
Even if F^" is as small as half of -Fj^", the asymmetry e would be as large as 30%, 
even when F,^" exceeds F^" by only 15%. 
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B) Numerical multi-angle decoherence and the inner boundary condition 

One important and somewhat confusing complication of numerically solving the 
EOMs is the phenomenon of numerical multi-angle decoherence. In order to inte- 
grate Eq. (14.411) one needs to work with a finite number of angular modes, equivalent 
to coarse-graining the phase space of the system. If the number of angular bins is 
chosen smaller than some critical number A^min, multi-angle decoherence occurs for 
< ^syn, where physically it is not possible and does not occur for a fine-grained 
calculation. This phenomenon is shown, for example, in Fig. 3 of Ref. |16U] . It 
is not caused by a lack of numerical precision, but a result of the coarse-graining 
of phase space. A related phenomenon is recurrence as discussed in the context of 
multi-angle decoherence in Ref. |164j . 

In other words, a coarsely grained multi-angle system behaves differently than a 
finely grained one. A smaller mixing angle reduces A^min, a larger neutrino-neutrino 
interaction strength increases it. 

Starting the integration ai r = R^, is doubly punishing because the fast oscil- 
lations of individual modes caused by a large n requires many radial steps for the 
numerical integration and avoiding numerical decoherence requires a large number 
of angular modes. On the other hand, in this region nothing but fast synchronized 
oscillations take place that have no physical effect if the mixing angle is small. Using 
a larger radius as a starting point for the integration avoids both problems and does 
not modify the overall flavor evolution at larger distances. 

From the physical perspective, the "neutrino sphere" is not a well-defined concept 
because different energy modes and different species decouple at different radii, and 
in any case, each individual neutrino scatters last at a different radius. If the exact 
inner boundary condition would matter, we would need to solve the full kinetic 
equations, including neutral-current and charged-current collisions. It is the beauty 
of the neutrino-neutrino flavor transformation problem that the real action begins 
at Tsyn, signiflcantly outside the neutrino sphere. Our approach of reducing the 
equations of motion to the refractive terms is only self consistent because the exact 
location of the inner boundary condition is irrelevant. 

In summary, the nominal neutrino sphere at R^, = 10 km is nothing but a point 
of reference where we normalize the fluxes and flx the angular distribution. As a 
starting point for integration we typically use tq = 0.75 rgyn. A few hundred angular 
modes are then usually enough to avoid numerical decoherence. 

We note, however, that the normal-hierarchy cases are more sensitive to both the 
number of angular bins and the starting radius for the integration. It can happen 
that a case that looks like the e = 0.12 example in Fig. 14. 9[ which shows a mild 
shrinking of the polarization vector, can become "more coherent" by choosing a 
smaller starting radius which then may also require a larger number of modes. For 
the normal hierarchy, the different multi-angle cases are less cleanly separated from 
each other than in the inverted hierarchy in that the transition is less abrupt as a 
function of e. 

When physical multi-angle decoherence occurs (e.g. the middle rows of Fig. 14.91) . 
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a much larger number of modes is needed to provide reproducible results. However, 
we are here not interested in the exact final outcome, we are mostly interested in 
the range of parameters that lead to decoherence. Therefore, massive computation 
power is not needed for our study. 

For those cases where we include a non-trivial spectrum of energies we also need 
energy bins. A distribution of energies does not lead to kinematical decoherence 
in the context of collective neutrino oscillations [13] so that the number of energy 
bins is not a crucial parameter. Of course, to resolve the energy- dependent behavior 
and especially the spectral splits, a sufficiently fine-grained binning is required. It 
provides better resolution, but not a qualitatively different form of behavior. 

4.3.2 Coherent evolution vs. decoherence 
A) Different forms of evolution 

Before investigating the conditions for decoherence among angular neutrino modes 
we ffrst take a closer look at what happens in the different cases shown in Fig. 14.91 
Considering first the quasi single-angle case with the asymmetry e = 0.25, some 
insight is gained by looking at the final state of the evolution at some large radius 
where the neutrino-neutrino effects have completely died out and all modes simply 
perform vacuum oscillations. In the left-hand panels of Fig. I4.1UI we show the end 
state of 500 polarization vectors, representing modes uniformly spaced in the angular 
coordinate u. In the upper panel we show the final state in the x-2-plane ("side 
view"), in the lower panel in the x-y-plane ("top view"). 

Initially, all polarization vectors are aligned in the fiavor direction. At the begin- 
ning of the pair transformation phase at r^y^, some are peeled off, forming a spiral 
structure that is easily gleaned from the left panels of Fig. 14.101 This structure 
continues to evolve almost as in the single-angle case, i.e., once established it moves 
almost like a rigid body and eventually orients itself in the negative B-direction. Of 
course, it continues to rotate around the B direction even at large radii because of 
vacuum oscillations. 

The spiral structure is different depending on the mixing angle. We illustrate 
this in Fig. 14.111 where we show the top view in analogy to the lower-left panel of 
Fig. 14.101 for different choices of mixing angle. For a large sin 2^, the polarization 
vectors stay close to each other. For a smaller sin 26, the spiral spreads over a larger 
solid angle and has more windings. We recall that a smaller sin 26 also has the effect 
of causing a larger nutation depth of the ffavor pendulum. 

Now turn to the quasi decoherent case with e = 0.12. Initially the same happens, 
but at the "decoherence radius" the spiral structure dissolves almost instantaneously. 
The polarization vectors enter a complicated structure as illustrated by the end state 
(central panels of Fig. I4.10| . Moreover, they are spread out all over the unit sphere, 
having both positive and negative 2;-components. This structure looks different for 
different choices of sin 26' and e. However, once a sufficient number of polarization 
vectors is used, it is reproducible. For e = 0.06 the picture would be qualitatively 
similar. 
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Figure 4.10: Final location on the unit sphere of 500 antineutrino polarization vectors 
for our standard parameters and the inverted hierarchy. The top row is the "side view" 
(x-z-components), the bottom row the "top view" (x-y-components). Left: quasi single- 
angle case (e = 0.25). Middle: decoherent case (e = 0.12). Right: symmetric system 
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Figure 4.11: Same as Fig. 14.101 ^ow only top views for quasi single-angle cases with the 
mixing angles sin 20 = 0.1, 10"'^ and 10~^ from left to right. The middle panel is identical 
with the bottom left panel of Fig. KM p7] . 



96 



Collective Supernova Neutrino Transformations in Two Flavors 




Finally we show the fully symmetric case (e = 0) in the right-hand panels. Here 
decoherence is fast and complete. For a small mixing angle, all polarization vectors 
are confined to the a;-2;-plane. They distribute themselves on a circle in that plane. 

For the normal hierarchy, we show in Fig. l4.12l as an explicit example the e = 0.12 
case of Fig. 14.91 that showed a clear multi-angle effect without strong decoherence. 
Once more we find a spiral structure. Most polarization vectors remain oriented 
roughly in their original direction, but in this case also with a tail of a few polar- 
ization vectors reversed. The quasi decoherent case (e = 0.06) and the symmetric 
system produce similar final pictures as the corresponding cases of the inverted hi- 
erarchy. 

B) Measures of decoherence 

Even in the quasi-decoherent cases the unit sphere is not uniformly filled with po- 
larization vectors. Rather, in the mono-energetic case considered here, the occupied 
phase space is a one-dimensional subspace of the unit sphere. It is parameterized by 
the angular variable u and shows a clear line-like structure. This picture suggests 
to use the length of this line on the unit sphere as another global measure besides 
the length P to discriminate between different modes of evolution [164] . In a nu- 
merical run with discrete angular bins, this quantity is simply the sum of the angles 
between neighboring polarization vectors. In Fig. 14. 131 we show this quantity for the 
indicated values of e as a function of radius for our inverted-hierarchy examples. 

At the radius rsyn where the spiral forms, the length on the unit sphere quickly 
increases from to a value that is almost independent of e, but depends on the 
mixing angle. For smaller sin 2^ it is larger, corresponding to the spiral having 
more windings as indicated earlier. Later, this length stays practically constant, 
reflecting that the spiral structure, once established, does not change much except 
tilting toward the negative B-direction and precessing around it. 

When e is smaller than a critical value, at the "decoherence radius" a sudden 
second growth shoots up from the plateau of these curves. For smaller e, the flnal 
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Figure 4.13: Evolution of the length of the one-dimensional subspace occupied by the 
polarization vectors for our standard inverted hierarchy case, taking a series of different 
asymmetries e. The length grows to larger values for smaller asymmetries [17| . 



length is longer, representing a more "phase-space filling" line on the unit sphere. 

Note, however, that for e close to zero, the line does not fill the unit sphere, but 
essentially stays in a narrow band. In the perfectly symmetric case, the motion of 
all polarization vectors is essentially confined to the x-2;-plane, i.e., the polarization 
vectors distribute themselves over a great circle on the sphere as shown in the right 
panels of Fig. I4.1U[ 



4.3.3 Role of model parameters 
A) Mixing angle 

In the single-angle case, we have discussed that the mixing angle affects only to 
the onset of the bipolar conversions. This discussion suggests that, at least for 
the inverted hierarchy, the actual vacuum mixing angle does not strongly influence 
the issue of multi-angle decoherence because this effect happens when the global 
polarization vector is tilted far away from the B direction. On the other hand, we 
have already noted that the quasi-coherent spiral structure that forms just beyond 
the synchronization radius has more windings for a smaller mixing angle so that the 
system is not identical. 

To clarify the role of the mixing angle we have used our standard inverted- 
hierarchy case and have calculated the limiting asymmetry e for decoherence for a 
broad range of mixing angles. We show the limiting contours in the plane of e and 
sin 29 in Fig. 14.141 for both hierarchies, above which multi-angle decoherence does 
not appear. 

We emphasize that the limiting e shown in Fig. 14.141 has a different meaning 
for the two hierarchies. As discussed earlier, in the inverted hierarchy, P shortens 
somewhat even in the quasi single-angle regime. Therefore, as a formal criterion for 
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Figure 4.14: Limiting e for decoherence as a function of mixing angle for our standard 
example and both hierarchies |17] . 



distinguishing the regions of coherence and decoherence we use that the final P has 
shortened to less than 0.85. The exact choice is irrelevant because the transition 
between the quasi-coherent and decoherent regimes is steep as a function of e. 

Conversely, in the normal hierarchy, P need not visibly shorten at all as illus- 
trated by the example in the lower left panel of Fig. 14. 9[ Therefore, we here demand 
that P does not visibly shorten in such a picture. We construct the demarcation 
line by decreasing e in steps of 0.01 until the polarization vector for the first time 
shortens visibly. Finding this point requires a significant amount of manual iter- 
ations with a modified inner radius and number of angular bins to make sure the 
result does not depend on these numerical parameters. The error bars represent our 
confidence range for the true critical value. 

We conclude that for the inverted hierarchy, multi-angle decoherence is virtually 
independent from the value of sin 26, except that for very large 6 a slightly smaller 
asymmetry is enough to suppress decoherence. Assuming the presence of ordinary 
matter, such large mixing angles seem irrelevant, except perhaps at late times. 
Either way, it is conservative to assume a small mixing angle and we will use sin 29 = 
10"^ default value. 

For the case of normal hierarchy we find a strong dependence of the critical e on 
log]^Q(sin2^). For a smaller mixing angle it is easier to suppress decoherence. The 
normal hierarchy is very different from the inverted one in that for a small mixing 
angle, all polarization vectors stay closely aligned with the z-direction unless multi- 
angle decoherence takes place. Therefore, it is plausible that for a smaller mixing 
angle, decoherence effects are delayed. 

B) Energy distribution 

The neutrinos emitted from a SN core naturally have a broad energy distribution. 
In Ref. [164] it was noted that the energy distribution of neutrinos and antineutri- 
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Figure 4.15: Multi-angle simulation in inverted liierarcliy: Final fluxes after the bipolar 
conversions for different neutrino species as a function of energy. Initial fluxes are shown 
as dotted lines to guide the eye [IB] . 



nos is largely irrelevant for the question of decoherence as long as the oscillations 
exhibit self- maintained coherence |149] . The multi-angle transition to decoherence 
typically occurs within the dense-neutrino region where the synchronization of en- 
ergy modes remains strong. Therefore, we expect that multi-angle decoherence is 
not significantly affected by the neutrino spectrum. 

In order to compare a monochromatic system with one that has a broad energy 
distribution, the crucial quantity to keep fixed is not the average energy, but the 
average oscillation frequency {u) = {/S.m? /2E) , as discussed in Sec. I4.1.2[ If we as- 
sume that neutrinos and antineutrinos have equal distributions, it is straightforward 
to adjust, for example, the temperature of a thermal distribution such that {uj) is 
identical to our monochromatic standard case ujq = 0.3 km~^. If we assume different 
distributions for neutrinos and antineutrinos, the equivalent Uq is somewhat more 
subtle, and we will have to use Eq. fl4.29l) . 

We have studied several numerical examples of quasi single-angle behavior and 
of multi-angle decoherence, taking different neutrino and antineutrino energy spec- 
tra, such as flat or thermal and with equal or different temperatures. We always 
found that the evolution of the global polarization vectors is almost identical to the 
equivalent monochromatic cases. We never observed that a broad energy spectrum 
caused a significant deviation from the monochromatic behavior at those radii that 
are relevant for decoherence. 

Of course, a multi-energy system is qualitatively different from a monochro- 
matic one in that the final energy distribution shows a spectral split. Nevertheless, 
for sufficiently large asymmetries e where the multi-angle system evolves in the 
quasi single- angle mode, there is no significant modification of the spectral split. In 
Ref. [16] it is performed this analysis for a fixed value of the e. They indeed obtain 
the same kind of spectral split as in the single-angle case. Their result is shown 
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Figure 4.16: Final state at a large radius of the polarization vectors for our standard 
parameters in analogy to Fig. 14.101 The antineutrinos (red/light gray) are on the unit 
sphere, whereas the neutrinos (blue/dark gray) live on a sphere of radius 1 + e = 1.25. 
Left: monochromatic multi-angle, the antineutrinos being identical with the left column 
of Fig. I4.1U[ Middle: Box-like energy spectrum and single angle. Right: Box-like energy 
spectrum and multi angle. In the lower right panel we do not show the antineutrinos |17j . 



in Fig. I4.15[ In the decoherent case, on the other hand, the final spectra natu- 
rally are very different, but we have not explored such cases systematically because 
multi-angle decoherence does not seem to be generic for realistic SN scenarios. 

To illustrate the modifications caused by an energy spectrum in a different way 
from the previous literature, we show in Fig. 14.161 the side and top views of the 
location of neutrino and antineutrino polarization vectors on the unit sphere in 
analogy to Fig. 14.101 for our standard parameter values. In the left column we show 
the same monochromatic multi-angle case that we already showed in the left column 
of Fig. 14.101 with 500 modes. In addition we include the neutrinos (blue/dark gray) 
that here live on a sphere of radius 1 + e = 1.25. The neutrinos form a spiral 
structure similar to the one of the antineutrinos, but in the final state this structure 
cannot move to the negative B directions because of lepton number conservation. 

In the middle column we show a single-angle example with the same parameters, 
now using a box-like spectrum of oscillation frequencies where initially = (2ujq)~^ 
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and = {1 + e){2uJo)~^ for < a; < 2ljq so that {00,^) = {up) = uq and it is equiva- 
lent to the original monochromatic case. We now see that most of the antineutrinos 
have moved to the negative B direction as before, whereas the neutrinos populate 
both the positive and negative B direction, representing the spectral split. The lack 
of full adiabaticity prevents the split from being complete, leaving some polarization 
vectors not fully aligned or anti- aligned with B. At large radii when the neutrino- 
neutrino interactions have died out, these modes precess with their different vacuum 
oscillation frequencies so that they are found on a spiral locus extending from the 
"south pole" to the "north pole" that gets wound up further at larger radii. Note 
that here we have used 1000 energy modes in order to obtain a visible population 
occupying these non-adiabatic final states. Still, only very few red dots (antineutri- 
nos) are visible, the vast majority being at the south pole. Likewise for the neutrinos 
(blue dots), the spiral is populated only by a small fraction of the 1000 modes. In 
other words, the evolution is nearly adiabatic. 

Finally we combine a box-like energy spectrum and a multi-angle distribution 
(right panels). The antineutrinos all cluster around the negative B direction and 
fill the "southern polar cap" more or less uniformly because at late times modes 
with different energies precess with different frequencies. The neutrinos populate 
both the northern and southern polar caps, representing the spectral split. At in- 
termediate latitudes we find coherent spiral structures. They correspond to modes 
with different angles but equal u so that even at late times they do not dissolve by 
differential precession. 

C) Effective interaction strength 

Besides the asymmetry e itself, the most uncertain model parameter is the effec- 
tive neutrino- neutrino interaction strength fio as defined in Eq. (14. 7p . In Fig. 14.171 
we show the demarcation lines between coherence and decoherence for both hierar- 
chies in the /io-^-plane, keeping all other parameters at their standard values. The 
contours are constructed as described in the discussion for the mixing angle at the 
beginning of this section. The numerical contours are visually very well approxi- 
mated by linear regressions of the form 



For the normal hierarchy, the linear regression would intersect e = within the range 
of investigated /^o-values, but in reality turns over and saturates around e = 0.06. 

D) Vacuum oscillation frequency 

The average vacuum oscillation frequency u depends on the atmospheric Am^ that is 
quite well constrained, and a certain average of the neutrino energies. Our standard 
value is to = 0.3 km~^. If we increase this to 1 km~^, the e-/io-contour in Fig. 14.171 



0.225 + 0.027 log 





(4.45) 
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Figure 4.17: Limiting e for decoherence as a function of the effective neutrino-neutrino 
interaction strength fj,Q for our standard parameters. The hnear regressions are "visual 
fits" represented by Eq. [T7] . 



is essentially parallel-shifted to larger e by about 0.035 (inverted hierarchy). This 
range of u probably brackets the plausible possibilities so that the uncertainty of u 
does not strongly influence the practical demarcation between the regimes. 

The normal hierarchy is more sensitive to u. In Fig. 14.181 we show a contour for 
the coherence regime in the e-u plane, assuming otherwise our standard parameter 
values. Changing lu from 0.3 to 1 km~^ increases the critical e by almost 0.15. 

4.3.4 Concluding remarks 

We have here not attempted to develop further analytical insights, but have taken a 
practical approach and explored numerically the range of parameters where different 
forms of behavior dominate in a realistic SN scenario. 

To this end we have first clarified that "multi-angle effects" means one of two 
clearly separated forms of behavior. The flavor content of the system can evolve 
in a quasi single-angle form. On the level of the polarization vectors this means 
that they fill only a restricted volume of the available phase space and maintain a 
coherent structure. On the other hand, nearly complete flavor equilibrium can arise 
where the available phase space is more or less uniformly filled. 

For realistic assumptions about SN and neutrino parameters, the switch between 
these modes of evolution is set by the degree of asymmetry between the neutrino 
and antineutrino fluxes. While this asymmetry is caused by the deleptonization flux, 
the crucial parameter e is the asymmetry between F^" — F^" and the corresponding 
antineutrino quantity as defined in Eq. (14. lip because for flavor oscillations the 
part of the density matrix that is proportional to F^'^ + F^" drops out. While in a 
realistic SN on average F^^" is about 15% larger than F^^" , the asymmetry parameter 
as defined in Eq. (14.111) is typically much larger. 

The critical value of e that is enough to suppress decoherence depends on the 
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Figure 4.18: Limiting e for decoherence as a function of the vacuum oscillation frequency 
U! for our standard parameters and the normal hierarchy |17| . 



type of neutrino mass hierarchy, the average energies, luminosities, and on the mixing 
angle. We have found that for e > 0.3, decoherence is suppressed for the entire range 
of plausible parameters, but a value smaller than 0.1 may be enough, depending on 
the combination of other parameters. 

We conclude that the quasi single-angle behavior may well be typical for realistic 
SN conditions, i.e., that the deleptonization flux is enough to suppress multi-angle 
decoherence. To substantiate this conclusion one should analyze the output of nu- 
merical simulations in terms of our model parameters. Besides the flavor- dependent 
luminosities and average energies, one needs the angular distribution of the neutrino 
radiation field at some radius where collisions are no longer important. 

If our conclusion holds up in the light of realistic SN simulations, a practical 
understanding of the effect of self-induced neutrino flavor transformations quickly 
comes into reach. In the normal mass hierarchy, nothing new would happen on a 
macroscopic scale. In the inverted hierarchy, the final effect would be a conversion of 
UgUg pairs and a split in the z/g spectrum. These phenomena are only mildly affected 
by multi-angle effects as long as we are in the quasi single-angle regime. 

If at late times the matter density profile contracts enough that an MSW effect 
occurs in the dense-neutrino region, the situation becomes more complicated as 
the neutrino-neutrino and ordinary matter effects interfere and produce a richer 
structure of spectral modifications |160[ 1161] . Even then, numerical simulations are 
much simpler if multi-angle decoherence is suppressed. 

It is not obvious how e evolves at late times. The deleptonization of the core 
is probably faster than the cooling so that one may think that e becomes smaller. 
On the other hand, the can essentially only interact via neutral current reactions 
and their flux and energy distribution should, therefore, become very similar to 
the ones of z/^,. and Ux- Therefore, it is not obvious if at late times the initial flux 
difference F^" — F^" or F^" — F^J" decreases more quickly. We also note that there 
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can be a cross-over in the sense that at late times the flux hierarchy can become 
F^j = F^J > Fj^" > F^" as in Ref . [178] , meaning that we would have a pair excess 
flux of Uxi^x instead of a UgUe excess. 

Our results suggest that signatures of collective flavor transformations are not 
erased by multi-angle decoherence and will survive to the surface, modulated by the 
usual MSW flavor conversions [179j . The survival of observable signatures then also 
depends on the density fluctuations of the ordinary medium that can be a source of 
kinematical flavor decoherence |180[ 1181] . 

All authors in this field have relied on the simplifying assumption of either homo- 
geneity or exact spherical symmetry to make the equations numerically tractable. 
The neutrino emission from a real SN is influenced by density and temperature 
fluctuations of the medium in the region where neutrinos decouple. Likewise, the 
neutrino fluxes emitted from the accretion tori of coalescing neutron stars, the likely 
engines of short gamma ray bursts, have fewer symmetries than assumed here. It 
remains to be investigated if systems with more general geometries behave qual- 
itatively similar to the spherically symmetric case or if deviations from spherical 
symmetry can provide a new source of kinematical decoherence. 

4.4 Role of dense matter in collective supernova 
neutrino transformations 

Let us now analyze the other potential source of multi-angle decoherence in the 
collective neutrino transformations, namely the dense matter background. One of 
the many surprises of self-induced flavor transformations has been that, in the single- 
angle approximation, dense matter barely affects them. They are driven by an 
instability in flavor space that is insensitive to matter because it affects all neutrino 
and antineutrino modes in the same way. Therefore, it can be transformed away by 
going to a rotating frame in flavor space, see Eq. fll.lOp . 

We here clarify, however, that the matter density can not be arbitrarily large 
before it affects collective flavor conversions after all. The matter term is "achro- 
matic" only if we consider the time-evolution of a homogeneous (but not necessarily 
isotropic) neutrino ensemble on a homogeneous and isotropic matter background. If 
the matter background is not isotropic, the current-current nature of the neutrino- 
electron interaction already implies that different neutrino modes experience a dif- 
ferent matter effect. 

It is more subtle that even without a current, matter still affects different neu- 
trino modes differently if we study neutrinos streaming from a source. The relevant 
evolution is now the flavor variation of a stationary neutrino flux as a function 
of distance. For a spherically symmetric situation, "distance from the source" is 
uniquely given by the radial coordinate r. Neutrinos reaching a certain r have 
travelled different distances on their trajectories if they were emitted with different 
angles relative to the radial direction. Therefore, at r they have accrued different 
oscillation phases even if they have the same vacuum oscillation frequency and even 
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if they have experienced the same matter background. In other words, if we project 
the flavor evolution of different angular modes on the radial direction, they have 
different effective vacuum oscillation frequencies even if they have the same energy. 
The same argument applies to matter that modifles the oscillation frequency in the 
same way along each trajectory, but therefore acts differently when expressed as an 
effective oscillation frequency along the radial direction. 

The neutrino-neutrino interaction, when it is sufficiently strong, forces differ- 
ent modes to reach a certain r with the same oscillation phase. To achieve this 
"self-maintained coherence" the neutrino-neutrino term must overcome the phase 
dispersion that would otherwise occur. Such a dispersion is caused not only by a 
spectrum of energies, but also by a matter background. 

4.4.1 Homogeneous Ensemble 
A) Isotropic background 

Let us reanalyze the role of matter in collective neutrino transformations. We begin 
with the EOMs in their simplest form, relevant for a homogeneous (but not nec- 
essarily isotropic) gas of neutrinos. We only consider two-flavor oscillations where 
the most economical way to write the EOMs is in terms of the usual flavor polar- 
ization vectors Pp for each mode p and analogous vectors Pp for the antineutrinos, 
as shown in Eq. (14.51) . For simplicity we here assume that initially only z/g and z/g 
are present with an excess neutrino density of = (1 -|- e)np^. The polarization 
vectors are initially normalized such that | J dpPp| = 1 and | J dpPp| = 1 + e. 

The matter term is "achromatic" in that it affects all modes of neutrinos and 
antineutrinos in the same way. As already discussed, one may study the EOMs 
in a coordinate system that rotates around L with frequency A so that the matter 
term disappears. In the new frame the vector B rotates fast around L so that its 
transverse component averages to zero. Therefore, in the new frame the rotation- 
averaged Hamiltonian is 

(H) = cos(2^) L + ;u(P - P) , (4.46) 

where for the moment we consider the even simpler case of an isotropic and monochro- 
matic neutrino ensemble where the entire system is described by one polarization 
vector P for neutrinos and one P for antineutrinos. 

A dense matter background effectively projects the EOMs on the weak-interaction 
direction. In particular, the relevant vacuum oscillation frequency is now ti;cos26'. 
For a small mixing angle, the case usually considered in this context, this projection 
effect is not important. However, a large mixing angle would strongly modify the 
projected a;. Maximal mixing where cos 26' = would prevent any collective flavor 
transformations, an effect that is easily verifled in numerical example^ 



'*This effect and its consequences will be further discussed in the context of three flavors in 
Chapter [5] 
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One usually assumes that the (anti)neutrinos are prepared in interaction eigen- 
states so that initially P and P are oriented along L. Therefore, the rotation- 
averaged EOMs alone do not lead to an evolution. However, in the unstable case 
of the inverted mass hierarchy, an infinitesimal disturbance is enough to excite the 
transformation. The fast-rotating transverse B component that was left out from the 
EOM is enough to trigger the evolution, but otherwise plays no crucial role [153 [II]- 

If we consider a homogeneous system where is a slowly decreasing function of 
time, one can find the adiabatic solution of the EOM for the simple system consisting 
only of P and P |163[I165] . In vacuum, this is a complicated function of e and cos 29. 
In dense matter, however, we are effectively in the limit of a vanishing mixing angle 
because the initial orientation of the polarization vectors now coincides with the 
direction relevant for the rotation-averaged evolution. The original vacuum mixing 
angle only appears in the expression for the projected oscillation frequency a; cos 26'. 

With z = Pz the adiabatic connection between and ii is now given by the 
inverse function of 

cc;cos26' e + 2z e + 2z + (3e + 2z)z , , 

= ^ ^ , (4.47) 

2 2y/{l + z){l + z + 2e) 

where — 1 < z < The synchronization radius Vsyn where the adiabatic curve 
begins its decrease is implied by P^ = z = 1. One finds the familiar result of 
Eq. fHl2|l 

o.cos2^ _ {VTT-e-l)\ 



/i syn 

For yU values larger than this limit, the polarization vectors are stuck to the L 
direction. 

Without matter one finds that (P — P) ■ B is conserved. Here, the analogous 
conservation law applies to (P — P) ■ L. Therefore, the adiabatic solution for P^ is 
such that Pz — Pz is conserved, i.e., Pz = Pz + e. 

In summary, the presence of dense matter simplifies the EOMs and in that the 
adiabatic solution is the one for a vanishing vacuum mixing angle, provided one uses 
the projected vacuum oscillation frequency. 

B) Background flux 

As a next example we still consider a homogeneous system, but now allow for a 
net fiux of the background matter, assuming axial symmetry around the direction 
defined by the fiux. For simplicity we consider a monochromatic ensemble with a 
single vacuum oscillation frequency u. We characterize the angular neutrino modes 
by their velocity component v along the matter fiux direction. The EOMs are in 
this case 

P, = X P, . (4.49) 
The Hamiltonian for the mode v is 



= cjB + (A - \'v)L + /i(D - vF) , 



(4.50) 
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where A' = Afe, being the net electron velocitjo. Moreover, 
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(4.51) 



are the net neutrino density and flux polarization vectors. The normalization is 
I / dt; Pt, I = 1 and | / dt> P„ | = 1 + e. 

Next, we transform the EOMs to a frame rotating with frequency A, allowing us 
to remove the matter term, but not the matter flux. 



We assume 6 to be small and thus use u ^ uj cos 29. We now have a system where 
the effective vacuum oscillation frequencies for neutrinos are uniformly distributed 
between u; ± A' and for antineutrinos between —uj ± A'. Even after removing the 
average common precession of all modes, their evolution is still dominated by the 
matter-flux term if A' ^ /i. In other words, collective behavior now requires fi > X' 
and not only fi > u. 

The simplest example is the flavor pendulum where for e = and an isotropic 
neutrino gas one obtains the well-known pendular motions of the polarization vec- 
tors. Matter does not disturb this behavior, except that it takes logarithmically 
longer for the motion to start. However, a matter flux, if sufficiently strong, sup- 
presses this motion and the polarization vectors remain stuck to the L direction for 
both mass hierarchies. If the neutrino distribution is not isotropic, the ensemble 
quickly decoheres kinematically |164j . an effect that is also suppressed by a suffi- 
ciently strong matter ffux. 

We have verified these predictions in several numerical examples, but have not 
explored systematically the transition between a "weak" and a "strong" matter fiux 
because a homogeneous ensemble only serves as a conceptual example where matter 
can have a strong infiuence on self-induced transformations. 

4.4.2 Spherical Stream 

The most general case of neutrino fiavor evolution consists of an ensemble evolving 
both in space and time. In practice, however, one usually considers quasi-stationary 
situations where one asks for the spatial fiavor variation of a stationary neutrino 
fiux streaming from a source. The neutrino density decreases with distance so that 
one can mimic this situation by a homogeneous system evolving in time with a 
decreasing density, the expanding universe being a realistic example. However, the 
analogy has important limitations because collective oscillations introduce geometric 
complications into the spatial-variation case. 




(4.52) 



^This description is analogous to the one given in Chapter [51 
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The simplest non-trivial example is a perfectly spherical source ( "SN core" ) that 
emits neutrinos and antineutrinos like a blackbody surface into space. The matter 
background is also taken to be perfectly spherically symmetric, but of course varies 
with radius. As a further simplification we consider monochromatic neutrinos and 
antineutrinos that are all emitted with the same energy. In such a system, we end 
up with the EOMs given in Eq. fl4.4ip . which we can rewrite as 

drPu = H„ X P„ , (4.53) 

where the Hamiltonian is 

cjB + AL /D \ , , 

H„ = +^ir - - F . 4.54 

Vu \Vu J 

For antineutrinos we have, as always, u —uo. Since the polarization vectors 
describe the fiuxes, the global density and fiux polarization vectors are 

D = /'d^ ^"~^" . 



F = f du (P„-P.) , (4.55) 

using the normalization | dwP^I = 1 and | duVJ^ = 1 + e. The matter coeffi- 
cient A = \/2G-p[ne-{r) — ?7,e+(r)] encodes the effective electron density at radius r 
whereas 

/Ur = /Uo ^ • (4.56) 

Therefore, Hr always varies as due to the geometric ffux dilution, whereas A is 
given by the detailed matter profile of a SN model [TOl [TH [66] . 

The variation of the polarization vectors with the common radial coordinate r 
now acquires dynamical significance in that the polarization vectors evolve differently 
than they would in the absence of neutrino-neutrino interactions. From Eq. fl4.54p 
it is obvious that the matter term is no longer the same for all modes and thus 
can not be transformed away by going to a rotating frame. This behavior does not 
depend on the radial variation of A, even a homogeneous medium would show this 
multi-angle matter effect. 

For quasi single-angle behavior to occur, e must not be too small, a condition 
that is probably satisfied in a realistic SN. Therefore, the synchronization radius 
implied by Eq. fl4.48p is always much larger than the neutrino-sphere radius Ry, 
allowing us to expand the EOMs in powers of Rv/t ^ 1. Using 

= 1 + i 5 (4-57) 

we find 

H„ = (a;B + AL) ("l + | + /i. ^ (Q + uF) , (4.58) 
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where 

Q= / duu{Pu-Pu) (4.59) 





and F is the same as before. At large r a small correction to u is not crucial and 
can be ignored. The radial variation of A is slow compared to the precession, so we 
can go to a frame that rotates with a different frequency A at each radius. Finally 
the rotation-averaged Hamiltonian is 

(H„) = (cu + uA*)L + /i* (Q + uF) , (4.60) 

where we have assumed u cos 26 ^ u and defined 

The multi-angle matter effect can be neglected if in the collective region beyond 
the synchronization radius we have 

A* < fx* (4.62) 

equivalent to 

Ue- — <^ Up^ . (4.63) 

In the opposite limit we expect that the large spread of effective oscillation fre- 
quencies prevents collective oscillations. In this case all polarization vectors remain 
pinned to the L direction and no fiavor conversion occurs. 

For intermediate values it is not obvious what will happen. One may expect that 
the multi-angle matter effect triggers multi-angle decoherence, destroying the quasi 
single-angle behavior. This indeed occurs for the inverted hierarchy whereas in the 
normal hierarchy we have not found any conditions where multi-angle decoherence 
was triggered by the multi- angle matter effect. We recall that for a sufficiently small 
e multi-angle decoherence occurs even in the normal hierarchy whereas no collective 
transformation arise for a sufficiently large e [T7] . 

We illustrate these points with a numerical example where = 10 km, u = 
0.3 km-\ e = 10-2, 120 = 7 X 10^ km"^ and 

A = A^„(^y (4.64) 

with n = 2. This particular value of the power-law index leads to the same radial 
dependence of fi* and A*, see Eq. (14.611) . In the left plot of Fig. 14.191 we show 
the radial variation fi* and A* for different choices of Ar^, between 10^ km"^ and 
10^ km"^. Even for the smallest matter effect, the ordinary MSW resonance, defined 
by the condition X = u, stays safely beyond the collective region. 
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Figure 4.19: On the left plot we show the radial variation of n* and A* for our numerical 
examples with the indicated value of Xr = \r^. On the right plots we have the radial 
variation of Pz for three different scenarios: IH and e = 0.25 (top panel), IH and e = 0.06 
(middle panel), and NH and e = 0.06 (bottom panel). In each panel different values of 
have been assumed pO] . 

In the right plots of Fig. 14. 191 we show the corresponding variation of Pz for three 
different cases: inverted mass hierarchy and e = 0.25 (top panel), inverted mass 
hierarchy and e = 0.06 (middle panel), and normal mass hierarchy and e = 0.06 
(bottom panel). In the top panel we observe the usual transformation for a small 
matter effect, a complete suppression of transformations for a large matter effect, 
and multi-angle decoherence for intermediate cases. Repeating the same exercise for 
the normal mass hierarchy and the same e reveals no macroscopic influence of the 
matter term. 
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For a sufficiently small e one finds self-induced multi-angle decoherence for both 
hierarchies. In the middle and bottom panels of Fig. 14.191 we show how with a suffi- 
ciently strong matter effect the decoherence can be suppressed for both hierarchies. 

4.4.3 Discussion 

We have identified a new multi-angle effect in collective neutrino transformations 
that is caused by a matter background. Previous numerical studies of multi-angle 
effects had used a matter proffie that satisfies the condition Eq. (14.631) in the critical 
region |16m [TB] . In other multi-angle studies matter was entirely ignored [T7] and 
otherwise, single-angle studies were performed. Therefore, the multi-angle matter 
effect discussed here had escaped numerical detection. 

In many practical cases relevant for SN physics or in coalescing neutron stars, 
the density of matter is probably small enough so that this effect can be ignored. 
On the other hand, for iron-core SNe, during the accretion phase the matter can be 
large enough to be important. 

If at early times the matter density proffie is such that our multi-angle effect is 
important, this will not be the case at later times when the explosion has occurred 
and the matter profile contracts toward the neutron star. In principle, therefore, 
interesting time- dependent features in the oscillation probability can occur. 

A large matter effect can be "rotated away" from the EOMs when it is identical 
for all modes. Here we have seen that even a perfectly uniform medium provides 
a multi-angle variation of the matter effect. We note that the matter fluxes would 
not be important, in contrast to our ffist example of a homogeneous ensemble, 
because the relevant quantity is the spread of the matter effect between different 
modes. Therefore, whenever a flux term would be important, the matter density 
term already provides a strong multi- angle effect. 

In addition, the medium can have density variations caused by convection and 
turbulence [182] that is known to affect the MSW resonance under certain circum- 
stances |183l I180[ 11811 1184[ I185j . Density variations in the transverse direction to 
the neutrino stream lines may well cause important variations of the matter effect 
between different modes. It remains to be investigated in which way collective flavor 
transformations are affected. 
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Chapter 5 

Collective Supernova Neutrino 
Transformations in Three Flavors 



We here extend our previous numerical analysis to the case of three neutrino flavors. 
Our main results can be summarized as follows: (i) A two-flavor treatment indeed 
captures the full effect if one ignores the mu-tau potential, V^r, and if the ordinary 
MSW resonances occur outside of the collective neutrino region, (ii) Including V^r 
can strongly modify the z/g or z/g survival probabilities, influencing the neutrino 
signal from the next galactic SN. (iii) The effect depends sensitively on a possible 
deviation from maximal 623- (iv) The inclusion of V^r also affects the onset of the 
bipolar conversions, (v) Multi-angle matter decoherence possibly supresses these 
effects. 

5.1 Introduction 

As it was discussed in Chapter [2], neutrinos of different flavor suffer different re- 
fraction in matter. The energy shift between z/g and z/^ or is Vcc = V^G^YeUB 
with Gp the Fermi constant, ub the baryon density, and Y^. = n^/nB the electron 
fraction. The potential Vcc is caused by the charged-current z^g-electron interac- 
tion that is absent for and Vr- For a matter density p = 1 g cm~^ we have 
\/2G-pnB = 7.6 X 10~^^ eV, yet this small energy shift is large enough to be of 
almost universal importance for neutrino oscillation physics. 

In normal matter, and r leptons appear only as virtual states in radiative cor- 
rections to neutral-current z/^ and scattering, causing a shift V^r = y^GpY^^UB 
between z/^ and z/^. It has the same effect on neutrino dispersion as real r leptons 
with an abundance [HI] 



as defined in Eq. fl2.34p . where Ue = Up was assumed. For the neutron abundance we 
have used Yn = Un/nB = 0.5, but it provides only a 2.5% correction so that its exact 




(5.1) 
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Figure 5.1: Density profiles in terms of tlie weak potential Vcc = V^Gprie at 1 ms and 
1 s post bounce of the numerical SN models described in Ref. |177| (solid lines). The 
dashed lines represent the simplified matter profile of Eq. ()5.4p for Aq = 4 x 10^ km^^ and 
Ao = 5 X 10^ km~^, used in our numerical calculations in Figure [521 As horizontal bands 
we indicate the conditions V^r = Am^^^/2E, Vcc = ^i^ltm/'^^j ^^'^ ^cc = ^'^soi/^-^ 
for a typical range of SN neutrino energies. The gray shaded range of radii corresponds 
to the region of collective neutrino transformations. Within the radius rgyn the collective 
oscillations are of the synchronized type |18j . 



value is irrelevant. As discussed in Chapter [3], a large non-standard contribution to 
Y^^ can arise from radiative corrections in supersymmetric models |186] , but we will 
focus in this chapteJl] on the standard-model effect alone. 

This "mu-tau matter effect" modifies oscillations if > Am'^/2E. For propa- 
gation through the Earth and for Aml^^ = 2-3 x 10"'^ eV^, this occurs for neutrino 
energies E > 100 TeV. The oscillation length then far exceeds rsarth so that V^r is 
irrelevant for the high-energy neutrinos that are searched for by neutrino telescopes. 

Alternatively, the mu-tau matter effect can be important at the large densi- 
ties encountered by neutrinos streaming off a SN core [75]. For E = 20 MeV the 
condition V^r = Am1^^/2E implies p ~ 3 x 10^ g cm~^. Numerical SN density 
profiles [177] reveal that this occurs far beyond the shock-wave radius during the 
accretion phase, but retracts close to the neutrino sphere after the explosion has 
begun. To illustrate this point we show in Fig. 15.11 the same matter density pro- 
files as in Ref. |177j at 1 ms post bounce (red line) and at 1 s post bounce (blue 
line). As a green horizontal band we indicate the condition V^r = for 
a typical range of SN neutrino energies, whereas the yellow and light-blue bands 



We will treat the non-standard case in Chapter [HI 
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indicate tlie densities corresponding to the if-resonance (driven by Am^^^^) and the 
L-resonance (driven by Amg^J. The z/^, u^, z/^ and Ur fluxes from a SN are vir- 
tually identical, leaving the /ir-resonance moot, whereas the H- and L-resonances 
cause well-understood consequences that are completely described by the energy- 
dependent swapping probabilities for z/g and z/g with some combination of the fi 
and T flavor |179j . as discussed in Chapter [21 Therefore, the traditional view has 
been that genuine three-flavor effects play no role for SN neutrino oscillations unless 
mu and tau neutrinos are produced with different fluxes [75] . 

It is now well known, however, that the traditional picture was not complete. As 
discussed in Chapter m neutrino-neutrino interactions cause large collective flavor 
transformations in the SN region out to a few 100 km (gray shaded region in Fig. 15. II) . 



5.2 Equations of motion 

Just as discussed in Chapter HI mixed neutrinos can be described by matrices of 
density pp and pp for each (anti)neutrino mode. The EOMs are the ones given in 
Eqs. (HID 

idtQp = [Hp, ^p] , (5.2) 

where the Hamiltonian is |176j 

Hp = fip + V + V2 ^ (f?q - ^q) (1 - Vq ■ Vp) , (5.3) 

and Vp is the velocity, Qp = diag(m^, m|)/2|p| is the matrix of vacuum oscilla- 
tion frequencies and V = y^G^UB diag(Y'e, 0, Y^^) accounts for the matter effect. 

In spherical symmetry the EOMs can be expressed as a closed set of differen- 
tial equations along the radial direction. We solve them numerically as previously 
described, now using 3x3 matrices instead of polarization vectors. The factor 
(1 — Vq ■ Vp) in the Hamiltonian implies multi-angle effects for neutrinos moving on 
different trajectories |187[ fT2 | I160j . However, for realistic SN conditions the mod- 
ifications are small, allowing for a single-angle approximation. We implement this 
approximation by launching all neutrinos with 45° relative to the radial direction, 
see Chapter m 

As a further simplification we use a monochromatic spectrum {E = 20 MeV), 
ignoring the spectral splits caused by collective oscillation effects |160l fT5| I165[ 11661 
[TB] . Oscillation effects require flavor-dependent flux differences. One expects F^" > 
Fp/ > F^^ = F^l" = F^^" = Fp^^ The equal parts of the fluxes drop out of the 
EOMs, so as initial condition we use = and F^/ = (1 + e)-^;^" with 

e = 0.25. 

For the neutrino parameters we use Am^i = Am^^j = 7.6 x 10^^ eV^, Am|]^ = 
Am^tm = 2.4 X 10^^ eV^, sin^ 6^12 = 0.32, sin^ 6'i3 = 0.01, and a vanishing Dirac 
phase 6 = 0, all consistent with measurements [l5l 11881 HH] . We consider the entire 
allowed range 0.35 < sin^ 623 < 0.65 because our results depend sensitively on 623. 
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We use a fixed matter profile of the form p oc r ^, implying a radial variation of 
the weak potential of 

^cc = YAo (^) , (5.4) 



where = 10 km is our nominal neutrino sphere radius and = 0.5. In Fig. 15.11 
we show this profile (dashed lines) for two different values of Aq = 4 x 10^ km~^ and 
Ao = 5 X 10^ km~^. For the former case, the //-resonance is at r^^ = 1.9 x 10"^ km, 
the L-resonance at r£.„ = 8.3 x 10"^ km, and the ur-resonance at rfi"^ = 71 km. For 
the latter they are at r^^ = 2.0 x 10^ km, r^^ = 9.0 x 10"^ km, and r^^"^ = 760 km|f| 
We remind the reader that the strength of the neutrino-neutrino interaction can 
be parameterized by 

= V2G^{F^: - F^:) , (5.5) 

where the fluxes are taken at the neutrino sphere radius Ry. We will again assume 
/io = 7 X 10^ km~^. In the single-angle approximation where all neutrinos are 
launched with 45° relative to the radial direction [T^ , the radial dependence of the 
neutrino-neutrino interaction strength can be explicitly written as 

1 

Mr)=/.o^^3^. (5.6) 

While the scaling of /i(r) for r ^ i?,^ is generic, the overall strength /io depends 
on the neutrino fluxes and on their angular divergence, i.e., on the true radius of the 
neutrino sphere. Our Ry = 10 km is not meant to represent the physical neutrino 
sphere, it is only a nominal radius where we fix the inner boundary condition for 
our calculation. 

The collective neutrino oscillations are of the synchronized type within the syn- 
chronization radius. For our chosen /iq and for the assumed excess flux of 25% we 
find Tsyn — 100 km as indicated in Fig. 15.11 Collective flavor transformations occur 
at r > Tsyn. Therefore, the /xr matter effect can be important only if it is sufficiently 
large for r > Vsyn- 

Figure ISTTl illustrates that the region where the /xr- resonance takes place depends 
on the time after bounce. For realistic values of the matter density profile and 
neutrino-neutrino interaction, one expects r^gg to lie far beyond the collective region 
at early times. This can be inferred from the relative position of r^y^ and the 
intersection of the 1 ms profile and the green band. At later times though the proto 
neutron star contracts and r^^^ moves to smaller radii. Eventually r^^^ becomes 
smaller than rgyn, at which point V^t becomes irrelevant. 

In order to mimic these different situations we will use a simple power-law matter 
profile of the form in Eq. fl5.4l) . In other words, we will use a mu-tau matter potential 
of the form ^ 

V = yf>^o (-] , (5.7) 



^We loosely refer to the radius where Arri^^^/2E = V^r as the jur-resonance, although this 
would be correct only for a small vacuum mixing angle in the 23-subsystem. 
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with a fixed 1^*^*^ given by Eq. flS.ip and a variable coefficient Aq. Therefore early and 
late times can be reproduced by considering large and small values of Aq, respectively, 
as can be seen in Fig. I5.1[ In other words, we will always assume that the ordinary 
MSW resonances are far outside of the collective neutrino region, whereas the /ir 
resonance can lie at smaller (vanishing /ir matter effect) or larger (large /xr matter 
effect) radii than rgyn- 



5.3 Vanishing mu-tau matter effect 

As a first case we consider the traditional assumption of a vanishing fir matter 
effect, which we account for using a value of Aq = 4 x 10^. We assume an inverted 
^"^atm ^ non-maximal value sin^ 623 = 0.4. Our numerical calculations for 

this case are shown in the top row of Fig. 15.21 The first two panels correspond to 
the radial evolution of the fluxes of the weak interaction eigenstates of neutrinos and 
antineutrinos, respectively, whereas in the last two panels we show the evolution of 
the propagation eigenstates. These are the eigenstates of Qp + V, i.e., of that part of 
the Hamiltonian Eq. fl6.3ip that does not include the neutrino-neutrino interactions. 
In the collective neutrino region, we observe the usual pair conversion of the z/g and 
Ue fluxes into the fi and r flavors. Had we chosen a maximal 23 mixing angle, the 
appearance curves for these flavors would be identical. 

For larger distances the evolution consists of ordinary MSW transformations that 
are best pictured in the basis of instantaneous propagation eigenstates in matter 
(last two panels). Beyond the collective transformation region, all neutrinos and 
antineutrinos stay flxed in their propagation eigenstates. In the weak-interaction 
basis, on the other hand, this implies fast oscillations because we have a flxed energy, 
preventing kinematical decoherence between different energy modes. In the panels 
for neutrino and antineutrino interaction states, for radii beyond the dense-neutrino 
region we show as thick lines the average evolution as well as the envelopes of the 
fast-oscillating ffavor ffuxes. 

Another way of describing this evolution is by the level crossing schemes of 
Fig. 15. 3[ The upper left panel represents the case of vanishing V^r- The right panels 
represent the case with large V^r and a 23-mixing angle in the flrst octant (upper 
right panel) or second octant (bottom panel). These level crossing schemes are 
the same ones shown in Fig. 12.61 of Chapter [21 but adding the effect of collective 
transformations (vertical arrows). The upper (blue) line corresponds to propagation 
eigenstate 2, the middle (green) line to 1, and the bottom (red) line to 3, a scheme 
representing the inverted hierarchy case. 

While in vacuum the propagation eigenstates coincide with the mass eigenstates, 
at large densities they correspond to weak interaction eigenstates. For vanishing V^r 
and at the low energies relevant to our problem, the fi and r ffavor are not distin- 
guishable so that any convenient linear combination can be chosen as interaction 
eigenstates. It is convenient to introduce the states u'^ and u'^ that correspond to 
a vanishing 23-mixing angle, i.e., they diagonalize the 23-subsystem. If the small 
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Figure 5.2: Radial evolution of the neutrino fluxes, normalized to the initial v^^ flux, for a 
fixed neutrino energy (Ey = 20 MeV) and an inverted Am^^.j^. From left to right: neutrino 
weak eigenstates, antineutrino weak eigenstates, neutrino propagation eigenstates and 
antineutrino propagation eigenstates. In the first two columns, after bipolar conversions 
we show the average as thick lines and the envelopes of the fast-oscillating curves as thin 
lines. The top row shows the case of a vanishing //r matter effect, while the three bottom 
rows use a large //r effect with different values for the 23 mixing angle as indicated [18] . 



13-mixing angle were to vanish, the 3- mass eigenstate would coincide with v'^. In 
the upper left panel of Fig. 15.31 and using the (i/g, f^, u'^) basis, the 2-state connects 
adiabatically to and whereas the 3-state connects adiabatically to and v'^. 

At the neutrino sphere, the fluxes are prepared in z/g and Ve eigenstates, which 
in the case of inverted mass hierarchy coincide with the propagation (or matter) 
eigenstates and z/™, respectively. In the absence of neutrino-neutrino interac- 
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Figure 5.3: Level crossing scheme of neu- 
trino conversion for the inverted hierarchy 
in a medium with a vanishing V^r (upper- 
left panel) and a large V^r with 23-mixing 
in the first octant (upper-right panel) or the 
second octant (bottom panel). The arrows 
indicate the transitions caused by collective 
flavor transformations 1181. 
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tions, since the L-resonance is always adiabatic, the z/g's leave the star as V2- In 
the case of v^, the evolution depends on sin^ 6'i3, see Fig. 12. 7[ For values larger than 
10"^ they propagate also adiabatically (MSW transformation) and escape as 1^3, 
whereas for values smaller than 10~^ the transition at the iJ-resonance is strongly 
non-adiabatic: there is a jump of matter eigenstates from to and the Ve's, leave 
the star as v\. As a consequence, the survival probability is P{y^ — > i^g) ~ sin^ ^12 
and P{pe i^e) ~ sin^ 6'i3 or cos^ 6^12 for large and small 6*13, respectively. 

In the presence of neutrino-neutrino interactions, important collective effects 
take place in the inner SN layers, where the neutrino density is high. We observe 
in the first two panels of Fig. 15.21 that collective pair transformations convert the 
I'e and Ue fluxes to u'^ and u'^ as indicated by the arrows in the upper left panel 
of Fig. 15.31 The consequences for the subsequent evolution are dramatic. In the 
case of z/g a fraction equal to eFp^ stays in z/™ and evolves as in the absence of 
neutrino- neutrino interactions, while the rest of i'e are transformed to f™. As a 
consequence, the final z/g flux, normalized to the initial z/g one, is expected to be 
approximately esin^ 612 ^ 0.08, see thick line in the upper left panel in Fig. 15. 2[ In 
the case of antineutrinos the effect of the collective pair conversion is to interchange 
the eigenstates in which and z/^ arrive at the if-resonance. Now z^e enters the 
resonance as instead of z/™. Therefore, for sin^ ^13 > 10~^ the resonance is 
adiabatic and the UeS leave the star as ui, leading to a final normalized flux of 
approximately cos^ 612 ^ 0.68, see the thick line in the second panel in Fig. 15. 2[ 
Instead, if sin^ ^13 < 10^^ again there is a jump of matter eigenstates from z/™ to 

at the if-resonance. In this case z/g leaves the star as z/3, leading to a normalized 
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Figure 5.4: Vacuum level diagram for all hypothetical combinations of atmospheric and 
solar mass hierarchies (normal or inverted). The 12 and 13 mixing angles are assumed to 
be very small, mimicking the effect of ordinary matter. The effect of collective conversions 
is indicated by an arrow |18| . 



Ve flux equal to sin^ 6'i3. 

The impact of collective effects is easier to understand if we do as in the two- 
flavor system, where we have discussed that the impact of ordinary matter can 
be transformed away by going into a rotating reference frame for the polarization 
vectors. Collective conversions proceed in the same way as they would in vacuum, 
except that the effective mixing angle is reducecif|. Therefore, assuming an inverted 
hierarchy (IH) for the atmospheric mass splitting and a normal hierarchy (NH) for 
the solar splitting, we should consider the level scheme as in the upper left panel 
of Fig. 15. 4[ The mass eigenstates now approximately coincide with the interaction 
eigenstates because the 23-mixing angle was removed by going to the primed states, 
and the mixing angles involving Vf. are effectively made small by the presence of 
matter. Of course, this level scheme does not adiabatically connect to the true 
vacuum situation. 

The initial state consists of Vf. and v^. and thus essentially of v\ and v\. Collective 
conversions driven by Am^^j^^ then transform V\V\ pairs to 1^31^3 pairs in the familiar 
two-flavor way. If both hierarchies are normal, we begin in the lowest-lying state 
and nothing happens. In the hypothetical case where both hierarchies are inverted 
(upper right panel in Fig. 15.41) . we begin in the highest state and Am^^.^^ drives us 
directly to the lowest state. Finally, if the atmospheric hierarchy is normal and the 
solar one is inverted (lower right panel in Fig. 15. 4p . collective transformations driven 



•^For the sake of simplicity we will not take here into account the suppresion of collective neutrino 
transformations due to large matter densities, studied in Section [4.41 
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by Arrig^j take us to the lowest state. 

We have numerically solved the evolution of the three-flavor system with a real- 
istic SN matter profile and found that the results confirm this simple picture. In a 
two- flavor treatment, the much smaller Am^^^j leads to collective transformations at 
a much larger radius than Am^^j^. In a three- flavor treatment, Aml^^ therefore acts 
first and takes us directly to the lowest-lying state if the atmospheric hierarchy is 
inverted. Otherwise only the hypothetical case of the lower-right panel in Fig. 15.41 is 
an example where Am^^j plays any role. We have numerically verified that normal 
^^atm combined with inverted Amg^j is the only case where Amg^j drives collective 
transformations. Since Arrtg^i is measured to be normal, the previous two-flavor 
treatments based on Aml^^ and 6*13 fortuitously capture the full effect. 

We conclude that in the limit of a vanishing fir effect the collective flavor trans- 
formations and the subsequent MSW evolution factorize and that the collective 
effects are correctly treated in a two-flavor picture. Of course, this situation may 
change if the matter profile is so low that the ordinary MSW effects occur in the 
same region as the collective phenomena |168j . 

5.4 Large mu-tau matter effect 

Next we calculate the flavor evolution for the same model, now including a significant 
V^r, i.e. we assume a large Aq. In this case the flavor content of the neutrino and 
antineutrino fluxes emerging from the SN surface depend on the strength of V^r as 
well as the choice of 623, as can be seen in the corresponding panels of Fig. 15. 2[ 
In this figure, one can also notice that the inclusion of V^r delays the onset of the 
bipolar conversions. We will discuss the latter effect in the next section, while here 
we will concentrate on the former one. This dependence is best illustrated with the 
help of the contour plot Fig. 15.51 where we show the Ue and z/g fluxes emerging from 
the SN, averaged over fast vacuum oscillations. 

If Vfj^r is so large that the mu-tau effect is strong in the region of collective neutrino 
oscillations, there are two stable limiting cases, depending on the 23 mixing angle. 
If the mixing angle is sufficiently non-maximal and in the first octant, the collective 
oscillations transform the initially prepared z/g and z/g fluxes to the propagation 
eigenstates as indicated by the arrows in the upper right panel of Fig. 15. 3[ i.e., we 
observe pair transformations to Uri^T- 

This behavior is understood if we assume that in the fir system we can once 
more go to a rotating frame and now simply imagine that the 23 mixing angle is 
effectively small by the impact of the ht matter effect. In this case ^ v^-. Since 
collective quasi-vacuum oscillations take us to the lowest-lying state, the 1/3 state 
in the inverted hierarchy, we are effectively taken to Ut-Vt pairs. Instead, if the 23 
mixing angle is in the second octant, and switch roles, explaining that now 
1/3 ^ and z>3 ^ z>^. 

For intermediate values of V^r and for 23 mixing angles near maximal, the final 
fluxes depend sensitively on parameters. For intermediate values of V^^, there are 
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Figure 5.5: Contours in the space of sin^ 623 and Aq for the (top) and (bottom) fluxes 
emerging from the SN surface for both normal (right) and inverted (left) mass hierarchy. 
All fluxes are normalized to the initial v'e flux. We show values averaged over fast vacuum 
oscillations [15] . 

also nontrivial effects for the normal hierarchy. The collective effects do not place 
the ensemble into propagation eigenstates, preventing a simple interpretation. The 
sensitive dependence for intermediate V^,- is also illustrated in the top panels of 
Fig. 15.61 where we show the emerging average i^e and i^e fluxes as functions of Aq 
for two values of 623, one in the flrst and the other in the second octant. In the 
bottom panels of Fig. 15.61 we show the same Ue and z/g fluxes as functions of sin^ 623 
for Aq = 1.85 X 10^ km~^. One can notice how the fall of pee is not exactly centered 
at sin^ 023 = 0.5 but slightly shifted to smaller values. This is due to second-order 
corrections to the /xr resonance condition. 

This dependence on the 623 octant leads to a clear imprint on the flnal survival 
probability. Let us first consider the first octant. In the case of z/g a fraction equal to 
eFp^ stays in u^. However the presence of the yur-resonance in the neutrino channel 
makes the rest of the to be transformed to u^. Their subsequent evolution would 
depend on the adiabaticity of the /xr-resonance, but it has been shown to be always 
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0.4 0.45 0.5 0.55 0.6 0.4 0.45 0.5 0.55 0.6 

sin^e23 sin^e23 

Figure 5.6: Fluxes of v^. (left column) and Vf, (right column), normalized to the initial 
flux, emerging from the SN. The first row is done as a function of Aq for a 23 mixing angle 
in the first (red line) or second (blue line) octant, while the second row is represented as 
a function of sin^ ^23 for Aq = 1.85 x 10^ km^^. These curves represent cuts through the 
inverted hierarchy contour plots of Fig. 15.51 at the indicated values of Aq and sin^ ^23 [IS] • 



adiabatic [75]. As a consequence, the final z/g flux is expected to be approximately 
cos^ ^12 + esin^6'i2 — 0.76, see thick line in the left panel of the second row in 
Fig. 15.21 In the case of antineutrinos the situation is completely analogous to the 
case of vanishing so that P{pe ~^ i^e) ~ cos^ 6'i2 or sin^6'i3, depending on the 
value of ^13. 

If ^23 belongs to the second octant, then the /ir-resonance lies in the antineutrino 
channel. The crucial point is that now all Ue are transformed to = z/™ before 
reaching the /xr-resonance, see the lower panel in Fig. 15. 3[ Taking into account 
that z/^ does not encounter the if-resonance, the survival probability will be always 
P(z/e z/g) ~ sin^6'i2, independently of the value of 613. On the other hand neutri- 
nos do not feel the /ir-resonance and therefore their propagation is the same as in 
the vanishing V^.^ case. 

We present in Table ISTTl a summary of the cases discussed so far. One can see the 
importance of the presence of collective neutrino effects, as well as the dependence 
on the strength of the mu-tau matter effect. 
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Table 5.1: Summary of the approximate values of the Ve survival probability for an 
inverted hierarchy, including or not collective effects. Here a small (large) mixing angle 
^13 stands for sin^ ^13 < 10~^ (sin^ ^13 > 10~^), while a small (large) VJ^r represents r^s 
being smaller (larger) than r^y^. 



Collective 
effects 






6*13 


leaves as 




no 


any 


any 


small 




COS^ 612 


no 


any 


any 


large 


1^3 


SW? 9i3 


yes 


small 


any 


small 


1^3 


sin^ 9i3 


yes 


small 


any 


large 


y\ 


cos^ 612 


yes 


large 


< 7r/4 


small 




sin^ 613 


yes 


large 


< 7r/4 


large 




COS^ 612 


yes 


large 


> 7r/4 


any 


^2 


sin^ 9i2 



5.5 Delay on the onset of bipolar conversions 

Another interesting feature concerns the position of rgyn in the presence of a large 
/XT matter effect. As can be seen comparing the first two rows of Fig. 15.21 the radius 
where collective neutrino transformations begin is slightly larger {vsyn — 115 km) 
when we include a significant V^^- 

5.5.1 Rotation-averaged mass-squared matrix 

As it was discussed in Sec. 14.41 when we include a background medium the oscillation 
frequency of the system is effectively modified, u ^ uj cos 26. In the usual two-flavor 
treatment of collective SN neutrino oscillations, driven by the small mixing angle 
^13, this has little practical relevance because cos 2^ 1 is a good approximation. In 
the realistic situation of three flavors, however, two of the mixing angles are large so 
that the projection effect of the squared masses caused by a large matter effect can 
become non-negligible. One particularly interesting case is the one we have been 
discussing in this chapter, when matter is so dense that the second-order difference 
between the t'^ and refractive effect is large. Here the matter effect encoded in 
the matrix V of the Hamiltonian Eq. fl6.3ip is large compared to the effect of the 
vacuum oscillation matrix Q = M'^/2E. Going to the rotating three-flavor frame 
implies that all off-diagonal elements of average to zero and we should think 
of all three weak-interaction eigenstates Uf,, and as unmixed mass-eigenstate 
neutrinos with masses implied by the rotation-averaged M^. 

To determine these effective mass-squares of the weak-interaction states we use 
the parametrization of the leptonic mixing matrix in terms of the usual mixing angles 
^12, ^13, ^'23, and the Dirac phase 5. We here consider the inverted mass hierarchy 
that is most relevant for our study. For the vacuum mass-squares we use m| = 0, 
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^^Itm and = (1 + a) Am^^^, where 



Am% 1 , , 

a = , ® = — 5.8 

is the neutrino mass hierarchy parameter. We then find for the diagonal elements 
of in the weak-interaction basis 



(l + a S12) cl 



2 — ^^-L -r u, 012J <-i3 , 
al 
2 

(1 + a C12) C23 - 2a C12 C23 S12 S23 C5 si3 + (l + a s^g) ^23 s^g , (5.9) 



2 

mf. 



2 — — (1 + £^2) '^23 + 2a C12 C23 S12 S23 Q S13 + (1 + a 5^2) ^23 Si3 

atm 



Am 

In the absence of any mixing, the r.h.s. would be 1, 1 -|-a, and from top to bottom. 

The 13-mixing angle is known to be small so that we have two small parameters, 
Si3 <^ 1 and a <^ 1. In the second and third line both the second terms are of second 
order in small quantities and can be neglected. If in addition we use for the solar 
mixing angle 612 = 7r/6, the mass-squares are 

ml a 



1 + 



A"^atm ' ' 4 

rnl^ ( . 3a 



vp?„ ( ^ 3a 



cos2^23, (5.10) 



— sin" 



23 • 



The mass-squared spectrum, projected on the weak-interaction basis, depends most 
crucially on the mixing angle ^23 that is known to be nearly maximal. In principle, 
though, this mixing angle can vary in the range < ^23 ^ ixjl. We show the 
projected mass spectrum as a function of 6'23 in Fig. 15.71 



5.5.2 Role of mu-tau matter effect 

As a first case we return to the absence of a /ir matter effect. In this case mu and 
tau neutrinos are not distinguishable in the SN context. Therefore, we can re-define 
these fiavors in the usual way as v'^ and v'^. This amounts to using the mass basis in 
the 23-system or rather, effectively to a situation of ^23 = 0. Therefore, the relevant 
mass spectrum driving collective oscillations is the one in Fig. 15.71 at ^23 = and 
corresponds to the usual inverted-hierarchy spectrum, with the only modification 
that the splitting between the upper two neutrinos is not given by Am^Qj, but only by 
half this amount because of the large 12-mixing angle. Corrections of order a aside, 
collective oscillations are driven by Am^^j^. This case corresponds essentially to the 
two-fiavor example studied in Chapter HI In Fig. 15.81 we show an analogous case in 
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Figure 5.7: The diagonal elements of in the weak-interaction basis as a function of 
^23, assuming ^13 = and dyi = 7r/6. To construct a legible plot, the mass-hierarchy 
parameter was chosen as a = 1/10, although in reality it is a 1/30. 

terms of the i>e survival probability, assuming u; = 0.1 km~^ and /xq = 10^ km~^, 
sin 2^ = 0.01, e = 0.4 and A = 100 km~\ 

Next we consider the case of a large [it matter effect where now we need to use 
the physical weak-interaction basis and not the primed states. In terms of Fig. 15. 71 we 
now need to use 6'23 = 7r/4 or a value nearby within experimental errors. Therefore, 
we are now close to the cross-over between the z/^ and curves in Fig. 15.71 Therefore, 
the effective mass spectrum relevant for collective effects is now very different from 
the vacuum mass spectrum. In the absence of the /ir matter effect, the transitions 
were driven by 

Now, using 6'23 = 7r/4, they should be driven by 



Therefore, the new oscillation frequency is predicted to be 

J 4 - a 1 5 



o.. ^ :. + ^a + 0(a^). (5.13) 
uj 8(1 — a) I 8 

According to Eq. (14.151) a change in the oscillation frequency automatically means 
a change in rgyn. This is exactly what we obtain in Fig. 15. 8^ where we show the 
numerical solution for the case with a strong \xt matter effect together with the case 
of vanishing A^^- 

Another test consists of returning to the case without a /ir matter effect and 
to modify uj ^ uj' hand. We find almost the same numerical curve as before. 
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Figure 5.8: Radial variation of the numerical survival probability and the adiabatic 
limit. Dashed lines: No /xr matter effect. Solid lines: Large //r matter effect. 

i.e., the impact of the /ir matter effect indeed essentially amounts to a modified 
mass-squared spectrum as predicted. 

If we use 6'23 < vr/4, the lowest effective mass eigenstate corresponds to z/^, for 
6*23 > vr/4 it corresponds to v^. Collective oscillations always seem to go directly to 
the lowest mass eigenstate. We can repeat the above exercise for different values for 
^23 and the corresponding uj' and find a behavior consistent with expectations. 



5.6 Competition between mu-tau and dense mat- 
ter effects 

We seem to have here a competition between two different effects, both result of large 
matter densities. On the one hand, we have shown in this chapter that the mu-tau 
matter effect could have important consequences in neutrinos streaming off a SN core 
if V^r is large in the collective region. On the other hand, in Sec. 14.41 we have studied 
the multi-angle matter effects in the collective neutrino transformations, obtaining 
a suppression of the bipolar conversions if the matter density is sufficiently large. 
Therefore we want to know if these effects happen at different density scales and 
will both be present, or on the contrary the multi-angle effects will destroy the 
interesting mu-tau matter effect. 

In order to have an important mu-tau matter effect, we require 

V(rbip) >a;H (5.14) 

where rbip denotes the end of the bipolar conversion region, and we recall that 
u;h = Am^jjj^/2£'. Applying here Eq. fl5.7l) we obtain a lower limit for Aq leading to 
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mu-tau matter effect 



For the typical values of the parameters we are assuming in our simulations (cuh = 0.3 
km~^, Y^^ = 2.7 X 10~^ km~^, Ri, = 10 km, and rbip = 330 km) we obtain this limit 
to be Ao > 4 X 10^ km'^ 

On the other hand, we have obtained in Eq. fl4.62p that the collective transfor- 
mations will be suppressed until 

A*(r-syn) </i*(rsyn). (5.16) 

Noting that A* = {Rl/2r^)X (where A = Vcc) and /i* ^ fio{Rl/2r^), we obtain an 
upper limit on Aq in order for the bipolar conversions to occur, 

Ao<^^. (5.17) 

Applying our standard values (/io = 7 x 10"^ km~^, = 0.5, R,y = 10 km, and 
Tsyn = 100 km) we get Aq = 1.4 x 10'' km~^. 

These simple arguments seem to show that both effects take place for the same 
density scales, leaving no room for a coexistence between them. The suppression of 
collective transformations due to multi-angle effects in the dense matter region will 
destroy any possible effect coming from the /xr-resonanc^. 



5.7 Conclusions 

At the relatively low energies relevant for SN neutrinos, charged mu and tau leptons 
cannot be produced so that mu- and tau-flavored neutrinos are not distinguishable 
in the SN or in detectors. (In the inner core of a SN the temperatures may be high 
enough to produce a significant thermal muon density, but this would not affect the 
emission from the neutrino sphere.) The impact of the small second-order difference 
between the t'^ and Uj. refractive index does not produce observable effects as long 
as one only considers the traditional MSW flavor conversion [75] . 

The picture changes if one includes the unavoidable effect of collective neutrino 
transformations in the region above the neutrino sphere. If the matter density 
is large enough that V^r is comparable to or larger than Am1^^/2E, the survival 
probability of z/g and Ue can be completely modified and depends sensitively on the 
mixing angle ^23- 

When it is important, the mu-tau matter effect adds one more layer of compli- 
cation to the already vexed problem of collective SN neutrino oscillations. It was 
previously recognized that "ordinary" collective oscillations are almost completely 
insensitive to the smallness of 613 as long as it is not exactly zero. Here we have 



'^In Chapter [S] we will show how this situation changes when including non-standard neutrino 
interactions. 
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found the opposite for tlie large mixing angle 623 that is often assumed to be max- 
imal. Even small deviations from maximal 23-mixing can imprint themselves in 
the collective oscillation effect. Both results are counter-intuitive and opposite to 
ordinary flavor oscillations. 

It seems though, that the density requirement for this fir effect to be important 
implies that the multi-angle matter effect can not be avoided. In this sense, one 
complicated effect caused by a large matter density annihilates another one. 
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Chapter 6 



Non-Standard Neutrino 
Interactions in Supernova 

In this chapter we investigate the impact of non-standard neutrino interactions on 
SN physics. We show how complementary information on the NSI parameters could 
be inferred from the detection of core-collapse SN neutrinos. 

The motivation for the study is twofold. First, if a future SN explosion takes 
place in our Galaxy the number of neutrino events expected in the current or planned 
neutrino detectors would be enormous, O(IO'^-IO^) [189]. Moreover, the extreme 
conditions under which neutrinos have to travel since they are created in the SN core, 
in strongly deleptonized regions at nuclear densities, until they reach the Earth, lead 
to strong matter effects. In particular the effect of small values of the NSI parameters 
can be dramatically enhanced, possibly leading to observable consequences. 

As we will later see, the inclusion of NSI to the SN scenario can lead to strong 
effects in the same inner layers where collective transformations take place. There- 
fore, in order to better understand the physics of the problem, we will not consider 
the neutrino background in the first part of this chapter, and focus on the NSI side. 
In the second part, however, we will switch on the neutrino self-interactions and 
study the interplay between these two effects. 

6.1 Previous literature 

According to the currently accepted SN paradigm, neutrinos are expected to play 
a crucial role in SN dynamics. Moreover, many future large neutrino detectors are 
currently being discussed [190] . The huge number of events, (9(10^-10^), that would 
be "seen" in these detectors indicates that a future SN in our Galaxy would provide 
a very sensitive probe of neutrino NSI effects. The presence of NSI can lead to 
important consequences for SN neutrino physics both in the highly dense core as 
well as in the envelope where neutrinos basically freely stream. 

The role of non-forward neutrino scattering processes on heavy nuclei and free 
nucleons giving rise to flavor change within the SN core has been recently analyzed 
in Ref. |1911I192] . The main effect found was a reduction in the core electron fraction 
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Ye during core collapse. A lower Ye would lead to a lower homologous core mass, a 
lower shock energy, and a greater nuclear photon-disintegration burden for the shock 
wave. By allowing a maximum AYg = —0.02 it has been claimed that Sea ^ 10"'^, 
where a = fi, t |192j . 

On the other hand it has been noted since long ago that the existence of NSI 
plays an important role in the propagation of SN neutrinos through the envelope 
leading to the possibility of a new resonant conversion in the innermost layers. 
In contrast to the well known MSW effect it would take place even for massless 
neutrinos |142j . Two basic ingredients are necessary: universal and flavor changing 
NSI. In the original scheme neutrinos were mixed in the leptonic charged current 
and universality was violated thanks to the effect of mixing with heavy gauge singlet 
leptons [HOllST] . Such resonance would induce strong neutrino flavor conversion both 
for neutrinos and antineutrinos simultaneously, possibly affecting the neutrino signal 
of the SN1987A as well as the possibility of having r-process nucleosynthesis. This 
was first quantitatively considered within a two-flavor Ue-'^T scheme, and bounds on 
the relevant NSI parameters were obtained using both arguments [193j . 

One of the main features of such "massless" resonant conversion mechanism is 
that it requires the violation of universality, its position being determined only by 
the matter chemical composition, namely the value of the electron fraction Ye, and 
not by the density. In view of the experimental upper bounds on the NSI parameters 
such a new resonance can only take place in the inner layers of the SN, near the 
neutrino sphere, where Yg takes its minimum values (few per cent), see Fig. 12.41 In 
this region the values of Yg are small enough to allow for resonance conversions to 
take place in agreement with existing bounds on the strengths of non-universal NSI 
parameters. 

The SN physics implications of another type of NSI present in super symmetric 
R-parity violating models have also been studied in Ref. [194j . again for a system 
of two neutrinos. For definiteness NSI on (i-quarks were considered, in two cases: 
(i) massless neutrinos without mixing in the presence of flavor- changing (FC) and 
non-universal (NU) NSIs, and (ii) neutrinos with eV masses and FC NSI. Different 
arguments have been used in order to constrain the parameters describing the NSI, 
namely, the SN1987A signal, the possibility to get successful r-process nucleosynthe- 
sis, and the possible enhancement of the energy deposition behind the shock wave 
to reactivate it. 

On the other hand, NSI could also affect the propagation of neutrinos in the 
outer layers. This was considered in Refs. [1951 11961 1197] in a three-neutrino mixing 
scenario for the case Ye > 0.4, typical for the outer SN envelope. Together with 
the assumption that e"^ < 10~^ this prevents the appearance of internal resonances 
in contrast to previous references. Motivated by supersymmetric theories without 
R-parity, in Ref. |195j the authors considered the effects of small-strength NSI with 
(i-quarks. Following the formalism developed in Refs. |198[ 1199] they studied the 
corrections that such NSI would have on the expressions for the survival probabilities 
in the standard resonances MSW-H and MSW-L. A similar analysis was performed 
in Ref. |196] assuming Z-induced NSI interactions originated by additional heavy 
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neutrinos. A phenomenological generalization of these results was carried out in 
Ref. |197j . The authors found an analytical compact expression for the survival 
probabilities in which the main effects of the NSl can be embedded through shifts 
of the mixing angles 612 and 6*13. In contrast to similar expressions found previ- 
ously these directly apply to all mixing angles, and in the case with Earth matter 
effects. The main phenomenological consequence was the identification of a degen- 
eracy between and Sea-, similar to the analogous "confusion" between ^13 and the 
corresponding NSI parameter noted to exist in the context of long-baseline neutrino 
oscillations [TOQlfTTO] . 

6.2 Neglecting neutrino background 

We here reconsidered the general three-neutrino mixing scenario with NSI in the 
absence of a neutrino background, as it has been assumed in all previous literature. 
This first approach will help us to better understand the genuine effects of the NSI, 
and will be very useful for the complete analysis when considering neutrino self- 
interactions. In contrast to previous work |195l I196[ 1197] , we have not restricted 
ourselves to large values of Yg, discussing also small values present in the inner 
layers. This way our generalized description includes both the possibility of neutrinos 
having the "massless" NSI-induced resonant conversions in the inner layers of the SN 
envelope [142^ 11931 1194j . as well as the "outer" oscillation-induced conversions |195i 
1196^ 1197] . However we have confined ourselves to values of Eea small enough not to 
lead to drastic consequences during the core collapse. 

6.2.1 Neutrino evolution 

In this section we describe the main ingredients of our analysis. Our emphasis will 
be on the use of astrophysically realistic SN density and Yg profiles. Their details, 
in particular their time dependence, are crucial in determining the way NSI affect 
the propagation of neutrinos in the SN medium. 

A) Evolution equation 

As discussed in Chapter [3l in an unpolarized medium the neutrino propagation 
in matter will be affected by the vector coupling constant of the NSlu, e^^^ = 

^0/3 + ^a^- "^^^ neutral current NSI modifies the neutrino evolution will 

be parametrized phenomenologically through the effective low-energy four-fermion 
operator described in Eq. fl3.1l) . We also assume e^^^ G 9?, neglecting possible CP 
violation in the new interactions. 

Under these assumptions the Hamiltonian describing the SN neutrino evolution 
in the presence of NSI can be cast in the following form 

i^I^a = (-f^kin + -f^mt)„/3 l^f3 , (6.1) 

"'^For the sake of simplicity we will omit the superindex V. 
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where we recall that i^km stands for the kinetic term ifkin = U{M'^ /2E)U\ with 
= diag(m^, 7712, and U the three-neutrino lepton mixing matrix ^Oj in the 
PDG convention |33] and with no CP phases. The second term of the Hamiltonian 
accounts for the interaction of neutrinos with matter and can be split into two pieces, 

ifint = -f^fnf + H^nt ■ (6-2) 

Here, Hf^ describes the standard interaction with matter and can be written as Hf'^ 
= diag (Vcc5 0,0) up to one loop corrections due to different masses of the muon 
and tau leptons, unimportant for this analysis. The standard matter potential for 
neutrinos is given by Eq. (12.381) : 

Vcc = V2GpN, = VopY, , (6.3) 

where Vq ~ 7.6 x 10~^^ eV, the density is given in g/cm^, and Ye stands for the 
relative number of electrons with respect to baryons. For antineutrinos the potential 
is identical but with the sign changed. 

The term in the Hamiltonian describing the non-standard neutrino interactions 
with a fermion / can be expressed as, 

f=e,u,d 

with {Vj^^)ai3 = V2GFNfel^ij. For definiteness and motivated by actual models, for 
example, those with broken R-parity supersymmetry we take for / the down-type 
quark. However, an analogous treatment would apply to the case of NSI on up-type 
quarks (see below). The existence of NSI with electrons brings no drastic qualitative 
differences with respect to the pure oscillation case. Therefore the NSI potential can 
be expressed as follows, 

(Kli)a/3 = eif,Vop{2 - Ye) . (6.5) 

From now on we will not explicitely write the superindex d. In order to further 
simplify the problem we will redefine the diagonal NSI parameters so that e^^ = 0, 
as one can easily see that subtracting a matrix proportional to the identity leaves 
the physics involved in the neutrino oscillation unaffected. 

B) Supernova matter profiles 

Neutrino propagation depends on the SN matter and chemical profile through the ef- 
fective potential. As it was discussed in Sec. 12.3. 1[ this profile exhibits an important 
time dependence during the explosion, see Fig. 12.41 We will use the parameteri- 
zation given there for the density p{t,r) and the electron fraction Ye{t,r) profiles. 
Progenitor density profiles can be roughly parameterized by the power-law function 
given in Eq. fl2.74p : 

p(r)=Po(^)" , (6.6) 
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where po ~ 10^ g/cm^, tq ~ 10^ cm, and ~ 3. While the electron fraction profile 
can be phenomenologically approximated by Eq. (12.751) : 



where a ~ 0.23-0.26 and b ^ 0.16-0.20. We recall that the parameters ro and Vg 
describe where the rise takes place and how steep it is, respectively. 

6.2.2 The two regimes 

In order to study the neutrino propagation through the SN envelope we will split 
the problem into two different regions: the inner envelope, defined by the condition 
Vcc ^ ^"^atm/ (^-E'), and the outer one, where Aml^^/ {2E) > Vcc- From the upper 
panel of Fig. 12.41 one can see how the boundary roughly varies between r ^ 10* cm 
and 10^ cm, depending on the time considered. This way one can fully characterize 
all resonances that can take place in the propagation of SN neutrinos, both the outer 
resonant conversions related to neutrino masses and indicated as the upper bands 
in Fig. 12.41 and the inner resonances that follow from the presence of NSI. Here 
we pay special attention to the use of realistic matter and chemical SN profiles and 
three-neutrino flavors thus generalising previous studies. 

A) Neutrino evolution in the inner regions 

Let us first write the Hamiltonian in the inner layers, where i^int ^ -f^km- In this 
case the Hamiltonian can be written as 



When the value of the EajB is of the same order as the electron fraction internal 
resonances can arise [142] . Taking into account the current constraints on the e's 
discussed in Chapter |3] one sees that small values of Ye are required |193[ I194j . As a 
result, these can only take place in the most deleptonised inner layers, close to the 
neutrino sphere, where the kinetic terms of the Hamiltonian are negligible. 

Given the large number of free parameters involved we consider one par- 
ticular case where \ee^\ and | small enough to neglect a possible initial 
mixing between z/g and or z/^. Barring fine tuning, this basically amounts to 
ke/i|, \£er\ <^ 10~^. Accordiug to the discussion of Chapter[3l Eefj, automatically sat- 
isfies the condition, whereas one expects that the window legrl ^ 10~^ will eventually 
be probed in future experiments. 

Since the initial fluxes of z/^ and Ut are expected to be basically identical, it is 
convenient to redefine the weak basis by performing a rotation in the fi-T sector: 



Ye = a + 6arctan[(r — ro)/rs] , 



(6.7) 






(6.9) 
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where C23' and S23' stand for 005(^23) ^^^{^23)^ respectively. The angle ^23 can 
be written as 

tan(2^^3) ^ ^ = ^ . (6.10) 

-"33 ^TT 

The Hamiltonian becomes in the new basis 

Ye _|_ ^ 



Kp = U\9',,)H^M023)=Vop{2^Y,)\ e'^^ |, (6.11) 

e'er 
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— £eiiC23' 


— £erS23' 


(6 


e'er 


= ^eiJ,S23' 


+ ^erC23' 


(6 








(6 


e'rr 


= {Srr + 




(6 



With our initial assumptions on Sea one notices that the new basis v'^ essen- 
tially diagonalizes the Hamiltonian, and therefore coincides roughly with the matter 
eigenstate basis. A novel resonance can arise if the condition H'^^ = H'^^ is satis- 
fied, we call this /-resonance, / standing for "internal". The alternative condition 
i/gg = H'^^ would give rise to another internal resonance which can be studied using 
the same method. The corresponding resonance condition can be written as 

n' ~ . (6.16) 



where is defined as e'^^ — See- In Fig. 16.11 we represent the range of e^e and e'^^ 
leading to the /-resonance for an electron fraction profile between different Yg™™'s 
and Y^^^ = 0.5. It is important to notice that the value of y^™™ depends on time, as 
discussed in Sec. 12.3.11 Right before the collapse the minimum value of the electron 
fraction is around 0.4. Hence the window of NSI parameters that would lead to a 
resonance would be relatively narrow, as indicated by the shaded (yellow) band in 
Fig. 16. 1[ As time goes on yj^™ decreases to values of the order of a few %, and as 
a result the region of parameters giving rise to the /-resonance significantly widens. 
For example, in the range \eee\ < 10~^ possibly accessible to future experiments one 
sees that the /-resonance can take place for values of e'^^ of the order of (9(10~^). 
This indicates that the potential sensitivity on NSI parameters that can be achieved 
in SN studies is better than that of the current limits. One can see in Fig. 12.41 in 
order to fulfill the /-resonance condition for such small values of the NSI parameters 
the values of Ye must indeed lie, as already stated, in the inner layers. 

Several comments are in order: First, in contrast to the standard H- and L- 
resonances, related to the kinetic term, the density itself does not explicitly enter 
into the resonance condition, provided that the density is high enough to neglect 
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Fi gure G.li Contours of as function of Sge and s'^^ according to Eq. (j6.43p for different 
values of Y^. The region in yellow represents the region of parameters that gives rise to 
/-resonance before the collapse. The arrows indicate how this region widens with time |21j . 



the kinetic terms. Analogously the energy plays no role in the resonance condition, 
which is determined only by the electron fraction Y^. Moreover, in contrast to the 
standard resonances, the /-resonance occurs for both neutrinos and antineutrinos 
simultaneously |142j . Finally, as indicated in Fig. 16.21 the z/g's (z/g) are not created 
as the heaviest (lightest) state but as the intermediate state, therefore the flavor 
composition of the neutrinos arriving at the //-resonance is exactly the opposite of 
the case without NSI. 

In order to calculate the hopping probability between matter eigenstates at the 
/-resonance we use the Landau- Zener approximation for two flavors, see Eq. (12.701) . 



(6.17) 



where 7/ stands for the adiabaticity parameter, defined in Eq. (12.571) . generally 
written as 



7/ 



26" 



(6.18) 



with 0™ = d^™/dr. If one applies this formula to the e—r' box of Eq. (16.111) assuming 
that tan 2ef = 2H'^J{H'^^ - H^e) and - Ef" = [(//;, - H^ef + ^Krf^ one gets 



7/ 











rr 


{l + e^fY, 



4 X 10V,,5Pii4'./(^') 



(6.19) 



ri 



where the parametrization of the Y^ profile has been defined as in Eq. (I2.75P with 
h = 0.16. The density pn represents the density in units of 10^^ g/cm^, r^ s stands 
for rg in units of 10^ cm, and f{B^) is a function whose value is of the order 0{1) in 
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Figure 6.2: Level-crossing schemes, first panel is for the case of normal hierarchy (oscil- 
lations only), the second includes the NSI effect. The two lower panels correspond to the 
inverse hierarchy, oscillations only and oscillations + NSI, respectively. 

the range of parameters we are interested in. Taking all these factors into account 
it follows that the internal resonance will be adiabatic, provided that e'^^ > 10~^. 
This value is well below the current limits and in full numerical agreement with, 
e.g., Ref. [T9ij . 

In Fig. 16.31 we show the resonance condition as well as the adiabaticity in terms 
of Err and 5er assumlug the other £q,/3 = 0. In order to illustrate the dependence on 
time we consider profiles inspired in the numerical profiles of Fig. 12.41 at t = 2 s (left 
panel) and 15.7 s (right panel). For definiteness we take as the electron fraction 
at which the density has value of 5 x lO^^g/cm^. For comparison with Fig. 16.11 we 
have assumed yj"™ = 10~^ in the case of 15.7 s. We observe how the border of 
adiabaticity depends on Err through the value of the density at r/ which in turn 
depends on time. 

Before moving to the discussion of the outer resonances a comment is in order, 
namely, how does the formalism change for other non-standard interaction models. 
First note that the whole treatment presented above also applies to the case of NSI 
on up-type quarks, except that the position of the internal resonance shifts with 
respect to the down-quark case. Indeed, in this case the NSI potential 

(K"si)a/3 = elpV,p{l + Fe) , (6.20) 
would induce a similar internal resonance for the condition Yf, = e^ /{I — e^). 
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Figure 6.3: Contours of constant jump probability at the /-resonance in terms of Err and 
Eer for two profiles corresponding to Fig. 12.41 at 2 s with a = 0.235 and b = 0.175 (left 
panel) and 15.7 s with a = 0.26 and b = 0.195 (right panel). For simplicity the other g's 
have been set to zero [21j . 

In contrast, for the case of NSI with electrons, the NSl potential is proportional 
to the electron fraction, and therefore no internal resonance would appear. 

B) Neutrino evolution in the outer regions 

As it has been extensively discussed, in the outer layers of the SN envelope neu- 
trinos can undergo important flavor transitions at those points where the matter 
induced potential equals the kinetic terms. In absence of NSI this condition can be 
expressed as Vcc ~ ^m?/{2E). Therefore, two different resonance layers arise, the 
so-called if-resonance and the L-resonance, corresponding to the atmospheric and 
solar squared mass diferences, respectively. 

The presence of NSI with values of |ea/3| < 10^^ modifies the properties of the 
H- and L-transitions |195[ 11961 1197j . In particular one finds that the effects of the 
NSI can be described as in the standard case by embedding the e's into effective 
mixing angles [197j . An analogous "confusion" between sin ^13 and the corresponding 
NSI parameter Eer has been pointed out in the context of long-baseline neutrino 
oscillations in Refs. [TIMfTTn] . 

In this section we perform a more general and complementary study for slightly 
higher values of the NSI parameters: \eap\ ^ few x 10~^, still allowed by current 
limits, and for which the /-resonance could occur. 

The phenomenological assumption of a hierarchy in the squared mass differences, 
|Am^tjjj| ^ AttIq, allows, for not too large e's, a factorization of the 3i/ dynamics 
into two 2v subsystems roughly decoupled for the H- and L-transitions [2UU] . To 
isolate the dynamics of the //-transition, one usually rotates the neutrino flavor 
basis by t/^(^23), and extracts the submatrix with indices (1,3) |195[ I197j . Whereas 
this method works perfectly for small values of Sap it can be dangerous for values 
above 10"^. In order to analyze how much our case deviates from the simplest 
approximation we have performed a rotation with the angle 6'23 = 62^ — 01 instead of 



140 



Non-Standard Neutrino Interactions in Supernova 



just ^23- By requiring that the new rotation diagonalizes the submatrix (2,3) at the 
if-resonance layer one obtains the following expression for the correction angle a 

tan(2a) = [Aos2i2Si3 + ^223 - 2i;rc223] / (6.21) 
(A,t„, + ^Ao)c?3 + ^Aoc2i2(-3 + dl^^) + ^^0223 + 2V;-s223 , 

where Aatm = ^"^atm/(2-E') and A0 = ^w^q/ {2E). In our notation Sij and s2ij rep- 
resent sin6'jj and sin(26'jj), respectively. The parameters Cj_; and c2jj are analogously 
defined. In the absence of NSI a is just a small correctioiu to 6*23, 

tan(2«) ^ A0s2i2Si3/AatmC?3 < 0(10-^) . (6.22) 

In order to calculate a we need to know the if-resonance point. To calculate 
it one can proceed as in the case without NSI, namely, make the ^23 rotation and 
analyze the submatrix (1,3). The new Hamiltonian H'^^ has now the form 

Hi = VoP% + £ee(2 - n)] + AatmS?3 + ^&{cl^sl^ + sl,) , 

Hi = Vop{2 - Y,)el, + Aatm^c^ + Aq [^c^ + (s„ci2 + c,si2Si3)'] , (6.23) 

1 1 

H'l = Vop{2-Ye)e'l + -A^tmS2i3Ca + -^Q{-Ci3SaS2i2 + cl^C^s2i3) . 

We have defined e'^ = errcl^.^ + e^rs223~a, and e'^ = £:erC23-a + £etiS23~a, where 

S23-a = Sin(6'23 - «), C23-Q = COs(6'23 - «), and s223-a = Sin(26'23 - 2a), c223-a = 

cos(26'23 — 2a). The resonance condition for the i/-transition, H"^ = H"^ can be 
then written as 

K.P^K^ + (^ee-0(2-i;^)] = 

Aatm(c?3C^ - sj^) + AqIcUcIs ' c^sfg) - slsj^ + ls2^s2,2Sn] . (6.24) 

It can be easily checked how in the limit of Eajj — > one recovers the standard 
resonance condition, 

Vop'^Yj' ^ AatmC2i3 . (6.25) 

In the region where the if-resonance occurs Y^^ ~ 0.5. 

Taking into account Eqs. fl6.2ip and fl6.24p one can already estimate how the 
value of a changes with the NSI parameters. In Fig. 16.41 we show the dependence 
of a on the Err after fixing the value of the other NSI parameters. One can see how 
for Err ^ 10~^ the approximation of neglecting a significantly worsens. Assuming 
^23 = 7r/4 and a fixed value of e^,- one can easily see that Err basically affects 
the numerator in Eq. 06.211) . Therefore one expects a rise of a as the value of Ett 
increases, as seen in Fig. 16.41 The dependence of a on is correlated to the relative 
sign of the mass hierarchy and e:^^. For instance, for normal mass hierarchy and 
positive values of the dependence is inverse, namely, higher values of E^r lead 
to a suppression of a. Apart from this general behavior, a also depends on the 
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Figure 6.4: Angle a as function of Err for different values of £ee and e^r, in the case of 
neutrinos of energy 10 MeV, with normal mass hierarchy, and s^g = 10~^. The other NSI 
parameters take the following values: = and Ser = 10~^ [21j . 



diagonal term See as seen in Fig. 16. 4[ This effect occurs by shifting the resonance 
point through the resonance condition in Eq. fl6.24p . 

One can now calculate the jump probability between matter eigenstates in anal- 
ogy to the standard case by means of the Landau-Zener approximation, see Eqs. (12.701) 
and dlSHD, 

Pf^ ^ e-i^- , (6.26) 

where 'yn represents the adiabaticity parameter at the if-resonance, which can be 
written as 



iH 



(6.27) 



iH" -H") 

\ TT eel 

where the expressions for H'^^ are given in Eqs (I6.23p . 

Let us first consider the case ^ 10~^. In this case a and one can rewrite 
the adiabaticity parameter as 

Aatmsin^(2gir 
cos(2^i|-^)|dlnr/dr 

where 

Bt^ = Bxz^e'lX'^-Ye)lYe (6.29) 

in agreement with Ref. |197j . For slightly larger e's there can be significant differ- 
ences. In Fig. 16.51 we show P/^ in the Ser-^Tr plane for antineutrinos with energy 
10 MeV in the case of inverse mass hierarchy, using Eq. (16.261) with (left panel) and 



Note that, in the limit of high densities one recovers the rotation angle obtained for the internal 

23 "23 



/-resonance 6*23 6*23 after neglecting the kinetic terms 
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Figure 6.5: Landau-Zener jump probability isocontours at the iJ-resonance in terms of 
Eer and Err for 10 MeV antineutrinos in the case of inverted mass hierarchy. Left panel: 
a given by Eq. ()6.2ip . Right panel: a set to zero. The remaining parameters take the 
following values: sin^ ^13 = 10~^, See = ee^j = ^/^r = 0. See text [21]. 



without (right panel) the a correction. The values of 6'i3 and Ser have been chosen 
so that the jump probability lies in the transition regime between adiabatic and 
strongly non adiabatic. In the limit of small 6^^-, ot becomes negligible and therefore 
both results coincide. From Eq. fl6.28p one sees how as the value of Ser increases 
gets larger and therefore the transition becomes more and more adiabatic. For 
negative values of Eer there can be a cancellation between e^r and 6*13, and as a result 
the transition becomes non-adiabatic. 

An additional consequence of Eq. (16.291) is that a degeneracy between Ser and ^13 
arises. This is seen in Fig. 16. 6^ which gives the contours of Pj^ in terms of Ser and ^13 
for Err = 10~^. One sees clearly that the same Landau-Zener hopping probability 
is obtained for different combinations of Ser and 9i^. This leads to an intrinsic 
"confusion" between the mixing angle and the corresponding NSI parameter, which 
can not be disentangled only in the context of SN neutrinos, as noted in Ref . [197] . 

We now turn to the case of \St-t\ > 10"^. As \SrT\ increases the role of a becomes 
relevant. Whereas in the right panel of Fig. 16.51 P/^ remains basically independent 
of Erri one can see how in the left panel P/^ becomes strongly sensitive to Err for 

One sees that for positive values of Err it tends to adiabaticity whereas for neg- 
ative values to non- adiabaticity. This follows from the dependence of H'^^ on a, 
essentially through the term — A0Ci3Sqs2i2, see Eq. (I6.23p . For \ErT\ > 10~^ one 
sees that sin a starts being important, and as a result this term eventually becomes 
of the same order as the others in H'^^. At this point the sign of Err-, and so the 
sign of sin a, is crucial since it may contribute to the enhancement or reduction of 
ifg'^. This directly translates into a trend towards adiabaticity or non-adiabaticity, 
seen in Fig. 16.51 Thus, for the range of Err relevant for the NSI-induced internal 
resonance the adiabaticity of the outer if-resonance can be affected in a non-trivial 
way. 
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Figure 6.6: Landau-Zener jump probability isocontours at the H -resonance in terms of s^er 
and for Err = 10~^. Antineutrinos with energy 10 MeV and inverted mass hierarchy 
has been assumed |21| . 

Turning to tlie case of the L-transition a similar expression can be obtained 
by rotating the original Hamiltonian by f/(^i3)^f/(^23)^ as discussed in Chapter |21 
However, in contrast to the case of the if-resonance, where the mixing angle ^13 is 
still unknown, in the case of the L-transition the angle 612 has been shown by solar 
and reactor neutrino experiments to be large |15]. As a result, for the mass scale 
A0 this transition will always be adiabatic irrespective of the values of Eajs, and will 
affect only neutrinos. 

Summarizing, we have obtained that in the absence of collective flavor trans- 
formations, the inclusion of NSI to the SN scenario mainly affects the evolution of 
neutrinos in two ways. Firstly, for sufficiently large diagonal NSI parameters, an 
internal resonance is induced. Secondly, the usual MSW H- and L-resonances are 
modified, essentially by a change in their position, but for some given values of ^13 
and the NSI parameters also affecting the adiabaticity of the if-resonance. 



6.3 Including the neutrino background 

After discussing the genuine effects that NSI could induce in the evolution of SN 
neutrinos, let us now add to the picture the neutrino self-interactions. The important 
point to have in mind is that both ingredients may have drastic consequences in the 
same inner layers of the SN. It is therefore crucial to analyze the interplay between 
these two in principle coexisting effects. 
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6.3.1 Equations of motion 

As it has already been discussed, in tlie presence of neutrino self-interactions it is 
convenient to make use of the density matrix formalism. We therefore recover the 
EOMs for neutrinos given in Eq. (14. ip . 

idtQp = [Hp, ^p] , (6.30) 

where ^p and ^p represent the matrices of density describing each (anti)neutrino 
mode and the Hamiltonian was given in Eq. (14. 2p : 

Hp = ^^p + V + 72 ^ (g^ - g^) (1 - v^ ■ Vp) . (6.31) 

For antineutrinos the only difference is Qp —^p- 

The kinetic term will be determined by the mass and mixing parameters. We 
will use Aml^ =ml — ml = 7.65 x 10"^ eV^, |Am|^| = |m| — | = 2.40 x 10"^ eV^ 
and sin^ 6*12 = 0.3. We consider also sin^ ^13 = 10~^ and three different values for 623 
in the allowed range at 3a, sin^ 6*23 = 0.4, 0.5 and 0.6, because our results depend 
sensitively on 623- Given the values of Am^ we obtain the two associated vacuum 
oscillation frequencies: cuh = Am|]^/2£' and cjl = A'm2i/2E, which in the case of 
neutrinos with E = 20 MeV, lead to uu = 0.3 km~^ and cjl = 0.01 km~^. In the 
top panel of Fig. 16.71 we represent cuh and for energies typical in SNe, between 5 
MeV and 50 MeV, as yellow and light blue bands, respectively. 

The only difference in Eq. (16.311) compared to the previous chapters resides in 
the matter potential, where we have to add the NSI contribution. Let us then 
concentrate the discussion in this term. As we have seen, the interaction of neutrinos 
with matter can be now split in two pieces: 

V = V,td + Vnsi . (6.32) 

The first term, Vstd, describes the standard interaction with matter and can be 
represented in the weak basis by 

Vstd = A(r)diag(ye,o,r;^), (6.33) 

with ^ 

A(r) = Ao . (6.34) 

These expressions are equivalent to the ones in Eqs. (16. 3p and (16. 6p in units of km~^. 
We have here left outside the definition of A because of its special importance 
in the NSI effects. In the following we assume -R^^ = 10 km. In the top panel of 
Fig. 16.71 we show two A(r) profiles for Aq = 5 x 10^ km~^ and 4 x 10^ km~^ denoted 
by Ai and A2, corresponding to typical early and late time profiles, respectively, as 
illustrated in Fig. 15. 1[ 

The first element in Vstd represents the charged current potential and is propor- 
tional to the electron fraction, Yg- We parameterize Yg as in Eq. (16.71) with a = 0.24 
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Figure 6.7: Top panel: Density profiles, A(r), for Aq = 5 x 10^ km~^ (Ai) and Aq = 4 x 
10^ km~^ (A2) in solid red and blue lines, respectively; X*{r) for A2 is shown in blue dotted 
lines; ;u(r) for /Uq = 7 x 10^ km~^ in black dashed lines; the vacuum oscillation frequencies 
wh (yellow band), lol (cyan band), and uj^r for Err = (green band), for energies between 
5 and 50 MeV; lo^^ for Err = 0.1 and E = 20 MeV is also displayed (green solid line). 
The position of the synchronization and bipolar radii are also shown. Bottom: radial 
dependence of Y(, for two set of parameters: a = 0.24, b = 0.165, ro = 50 (1.2 x 10^) km, 
and = 5 (3 X 10^) km, for [Y^]. The horizontal magenta band represents the YJ 
leading to an internal /-resonance for Err < 0.1 [22]. 




and b = 0.165. The parameters tq and describe where the rise takes place and how 
steep it is, respectively. In the bottom panel of Fig. 16.71 we show two Ye{r) profiles 
for two different choices of these parameters. The radius where X{r)Ye{r) crosses 
the horizontal bands un (cjl) determines the well known H (L) MSW resonances. 
For the A and Y^ profiles shown in Fig. 16.71 and energies typical in SNe the position 
of both resonances rj^„ and rjl„ lie above 10^ km. 

res res 

The other non-zero element in Vstd arises from radiative corrections to neutral- 
current z/^ and scattering, as discussed in Chapter [2J Although there are no 
fi nor r leptons in normal matter, they appear as virtual states causing a shift 
AV^r = V^GpY^^UB between and due to the difference in their masses, 
with Y^^ given in Eq. (15.11) . In the top panel of Fig. 16.71 we show u^r = ^^n/Yr^ 
for energies between 5 and 50 MeV, as a green band. Analogously to the H- and 
L-resonances, the radius where A(r) ^ defines the /xr-resonance. 

According to the description given in the previous section and in Chapter [31 the 
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term in the Hamiltonian describing tlie non-standard neutrino interactions with a 
fermion / can be expressed as, 

(V.si)a/3= 5^ (VL)«^ = v^G^iV/ei^, (6.35) 

f=e,u,d 

where Nf represents the fermion / number density. Again, we consider e^p G 3?, 
neglecting possible CP violation in the new interactions, and take for / the down- 
type quark. Therefore the NSI potential can be expressed as follows, 

(Vnsi)a/3 = (Vnsi)a/J = £a/3A(r)(2 - F,) . (6.36) 

In principle at least five of the six independent Ea/B parameters, after removing 
one of the diagonals, should be taken into account. Nevertheless, the exhaustive 
description developed in the previous section shows that all the physics involved 
can be described in terms of e'^^ and e'^^, which are just a suitable combination of 
e's. This motivates us to illustrate the interplay that could arise between collective 
effects and NSI by only considering two non-zero NSI parameters: Eer and Err, 
describing flavor-changing (FC) processes and non-universality (NU), respectively. 
Therefore the term in the Hamiltonian responsible for the interactions with matter 
can be written as 



Ye 



E, 



2 — Ye 

V = A(r)(2-y;) I I . (6.37) 



2~Ye 



This expresion is equivalent to Eq. 06.81) . including the /ir-term to the potential and 
considering only the desired NSI parameters. The range of values for the e's we 
consider is for the off-diagonal term 10~^ < \Eer\ ^ few x 10"'^. This prevents any 
significant NSI-induced reduction of the electron fraction Yg during the core collapse. 
For the diagonal term we assume {Errl ^0.1, allowed by the current experimental 
constraints. 

Finally, the third term in the Hamiltonian accounts for the collective flavor trans- 
formations induced by neutrino-neutrino interaction, and has been extensively de- 
scribed in Chapters H] and O We consider the single-angle approximation by launch- 
ing all neutrinos with 45° relative to the radial direction. This approximation has 
been shown to be valid for realistic SN neutrino fluxes, provided that the neutrino 
density exceeds the electron density. The radial dependence of the neutrino-neutrino 
interaction strength can be explicitly written in such a system as 

, , Rt 1 Rt , , 

In the top panel of Fig. 16.71 we show the typical /i(r) profile we are using, with 
/io = 7 X 10^ km~^. One final property of SN neutrinos with important consequences 
for our study is the hierarchy of fluxes obtained in SN models. The typical conditions 
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of the proto-neutron star lead to the following hierarchy of fluxes Fjy'J' > Fp/ > 
F^^ = F^J" = Fj^" = Fj^". As already discussed we express the lepton asymmetry 
with the parameter e = (F^"' —F^'')/{F^/ —F^'"). Throughout the analysis we shall 
consider e = 0.25. The equal parts of the fluxes drop out of the EOMs, so as initial 
condition we use in the monoenergetic case F.^ ,-. ,. .-. = and F.^ = (1 + e)F^. 



6.3.2 Competition between NSI and collective effects 

As it has already been discussed, in the absence of NSI and collective effects the 
neutrino propagation through the SN envelope is basically determined at the well- 
known MSW resonances. The L-resonance occurs always for neutrinos whereas the 
H-one takes place for (anti)neutrinos for (inverted) normal mass hierarchy. For 
our matter profiles and the values of 612 and 61^ both resonances are adiabatic, see 
Fig. 12.71 Moreover both involve electron neutrino flavor and happen in the outer 
layers of the SN envelope, see top panel of Fig. 16.71 

In addition, the /ir-resonance is also adiabatic, but occurs between the z/^ and 
Ut- or z/^ and Ur depending on the neutrino mass hierarchy and the 6*23 octant. 
However, when considering the neutrino self-interaction this resonance can also cause 
significant modifications of the overall I'e and z/g survival probabilities [18] . According 
to the discussion in Sec. 16. 3. li the //r-resonance occurs at 

\ vcS\ 1/3 / \ \ 



r^r ~ Ru =R, (^\ . (6.39) 

Due to the smallness of Y^^ the /xr-resonance happens at deeper layers than the H- 
and L-resonances. In particular, for cuh = 0.3 km~^, Yf, = 0.5, and Aq = 5x 10^ km^^ 
(4 X 10^ km~^) r^^ = 770 km (71 km), see the intersection between the green band 
and the profiles Ai(r) and A2(r) in the top panel of Fig. 16.71 

The consequence of the addition of an NSI term such as that of Eq. fl6.36p is 
twofold. First, it will affect the MSW resonances. For the values assumed here the 
main effect on the H- and L-resonances will be just a slight shift in the resonance 
point, discussed in Sec. 16.2.21 The consequences for the /xr-resonance can be more 
drastic. For sufficiently large values of {errl a negative sign can change the resonance 
channel, from z/ to z/ or viceversa, depending on the octant of 623- On the other hand, 
it can significantly modify the position of the resonance. In the presence of NSI the 
/ir-resonance happens at 



' g- \ 1/3 -j^^g 

=rJ^] , (6.40) 



where we have defined 



= y;« + (2 - y;)£.. , (6.4i) 

<^ = uJn/K%. (6.42) 



148 



Non-Standard Neutrino Interactions in Supernova 



In particular, for > Y!^^ / {2 — Ye) the value of o;"^' decreases, and therefore r^r is 
pushed outwards with respect to the standard case. In the top panel of Fig. 16.71 we 
show the value of uj^^ in the presence of e^r = 0.1 and £" = 20 MeV. For such a choice 
of parameters and the matter profile corresponding to Aq = 4 x 10^ km~^, we can see 
how the position of the /ir- resonance moves out to a radius of r^^ ^ 1.3 x 10^ km. 

The second important consequence is that the new NSI terms can induce addi- 
tional resonances in the inner layers, as described in Sec. l6.2[ The condition required 
for this /-resonance to take place was given in Eq. (16.431) and can be written, for 
our simplified system, as 

F/ = . (6.43) 

In the bottom panel of Fig. 16. 71 we show as a horizontal band the range of V/ required 
for the /-resonance to take place for Srr < 0.1. For typical values of Ye one expects 
to have the /-resonance for Srr ^ 10~^. Moreover the Ye{r) and legrl considered 
guarantee the adiabaticity. 

At the same time, also in the internal region, the neutrino flux emerging from 
the SN core is so dense that, neutrino- neutrino refraction can cause nonlinear flavor 
oscillation phenomena. For the hierarchy of neutrino fluxes assumed the induced 
pair-wise flavor transformation occurs only in the case that the neutrino mass hier- 
archy is inverted. Collective flavor transformations start after the synchronization 
phase, where /i(rsyn) ~ 2a;H/(l — vT+^)^, and extends a few hundred km in the so- 
called bipolar regime until /^(r^bip) ~ cuh- At larger radii /i(r) < cjh and the neutrino 
self-interaction becomes negligible. For our chosen yU-o, an excess Ve flux of 25%, 
and cuh = 0.3 km~^, we find a synchronization and bipolar radius of rgyn — 100 km 
and Tbip — 330 km, as indicated in Fig. 16.71 by dark and light vertical gray bands, 
respectively. One important consequence of this flavor transformation in the con- 
text of three neutrino flavors is its potential sensitivity to deviations of ^23 from 
maximal mixing. As discussed in Chapter [5l in the particular case that the /ir- 
resonance takes place outside the synchronization radius the final Ve and Ve survival 
probability depend crucially on the octant of ^23- In Sec. 15.61 we argued that this 
potential effect would most likely be suppressed by multi-angle decoherence induced 
by dense matter. Let us now analyze how the picture changes when considering 
NSI. According to Eqs. (I6.40p and (14.151) the condition for this /ir effect to happen 
is given by 

3/2 



Aoni > (^^^^) ~ 3 X 10= km- . (6.44) 

Although this is a minimum requirement, the possibility to discern the ^23 octant 
becomes cleaner when the yur-resonance happens outside the bipolar radius, r^.^ > 
Tbip. The condition we obtain according to Eqs. (16.401) and (I4.16P is, therefore, 

AoFi>(f)'''-r-10^km-. (6.45) 
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In the standard case this possibihty only occurs for large density profiles, Aq > 
4 X 10^ km~^, i.e. at early times. This situation would correspond to the Ai(r) 
profile in top panel of Fig. 16.71 but not to A2(t'). However the presence of NSI 
terms in the Hamiltonian may shift the /ir-resonance to outer layers, making this 
condition more flexible. For instance, for e^-r = 0.1 the previous condition requires 
only Ao ^ 1.3 x 10^ km~^, see green solid line in the top panel of Fig. 16.71 Therefore 
the presence of NSI could keep the possibility to distinguish between the two ^23 
octants for several seconds. 

The self-induced flavor transformations however do not occur for arbitrarily large 
density profiles. If the electron density Uf. significantly exceeds the neutrino density 
rty in the conversion region they can be suppressed by matter. This is a consequence 
of neutrinos traveling on different trajectories when streaming from a source that is 
not point-like. This multi-angle matter effect can be neglected if in the collective 
region, prior to the synchronization radius, we have 

A*(r) = y;(r)A(r)|| « /.(r) . (6.46) 

The limiting condition can be determined by imposing Eq. (16.461) at rsyn- Taking 
into account Eqs. (I6.34p and (16.381) we obtain 

n(rsyn)Ao— «/io. (6.47) 

Assuming Y^. = 0.5 and Vsyn = 100 km, this condition amounts to Aq ^ 1.4 x 
10^ km~^. In the top panel of Fig. 16. 71 we show A2(r), corresponding to a Aq smaller 
than Ao <^ 1.4 x 10^ km~^. The condition X2{r) -C /i(r) is then satisfied in the 
bipolar region, and collective effects are not matter suppressed. This is not the 
case of Ai(r). In the standard case the limiting Aq = 1.4 x 10^ km^^, above which 
multiangle matter effects suppress the collective effects, is though smaller than the 
minimum Aq = 4 x 10* km~^ required for the fiT effect to be important. The 
situation could drastically change in the presence of NSI. Non-zero NSI diagonal 
parameters could help moving the /xr resonance out of the Vsyn even for Aq smaller 
than 1.4 X 10^ km~^. The consequence is that large enough {errl would make the 
neutrino propagation through the SN envelope highly sensitive to the 623 octant. 

6.3.3 Classification of regimes 

In this section we summarize all the information formerly introduced. Taking into 
account the conditions given in Eqs. (I6.43p . (I6.44p . (16.451) . (I6.46p . and (I6.47P we can 
roughly identify four different regimes of the neutrino propagation in terms of Aq 
and Err- This scheme is displayed in Fig. 16. 8[ 

To first approximation the four regions can be defined in terms of matter suppres- 
sion (or not) of collective effects and presence (or not) of the internal /-resonance. 
Equation (I6.47P is depicted as a horizontal solid line at Aq = 1.4 x 10^ km~^. For 
higher Aq matter suppresses collective effects whereas for smaller densities collective 
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Figure 6.8: Different regimes of the neutrino propagation depending on the value of Aq 
and described in the text [22]. 



effects are present. For intermediate values, A*(r) ~ there would be a matter 
induced decoherence [20] . To make the discussion as simple as possible we will only 
consider the extreme cases. On the other hand the vertical dashed line at = 10~^ 
indicates the presence (right) or absence (left) of the NSI-induced /-resonance. 

This simple scheme becomes further complicated if one adds the possibility that 
the /xr-resonance lies outside the bipolar region. In the next subsections we analyze 
in detail the different possibilities. 
A) Region I 

On the upper left corner we have the region I, defined by Aq ^ 1.4 x 10'' km~^ and 
e^T- < 10~^. According to the previous discussion, this range of parameters leads 
to no collective effects, since they are suppressed by matter, and no /-resonance. 
Assuming that the L- and //-resonances are adiabatic the z/g and Ue survival proba- 
bility is then only fixed by the mass hierarchy. The NSI terms will lead at most to 
a small shift in its position. 

In Fig. 16.91 we show the well known level crossing schemes for normal (top), and 
inverted mass hierarchy for sin^ 6'23 < 7r/4 (middle), and sin^ 6*23 > vr/4 (bottom), 
with (left column) and without (right column) /-resonance, where we have now 
added arrows representing the transitions caused by the collective effects. The ar- 
rows must therefore be ignored when these are not present. In the normal hierarchy 
case z/g and leave the SN as and Ui, whereas for inverted mass hierarchy they 
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Figure 6.9: Level crossings in the absence (left) and presence (right) of /-resonance for 
normal (top), and inverted mass hierarchy for sin^ 023 = 0.4 (middle), and sin^ 023 = 
0.6 (bottom). The dashed and solid arrows in the middle and bottom indicate the pair 
transformations due to collective effects happening after (dashed) or before (solid) the 
^r- resonance [22] . 



escape as U2 and z/3 for any octant. The survival probabilities can then be written 
as P{ue Ve) ~ sin^ 6*13 (sin^^i2) and P{ue ^e) = cos^6'i2 (sin^6'i3) for normal 
(inverted) mass hierarchy. Figure 16.101 represents in solid lines the radial evolution 
of Pee and Pee assumiug Ao = 10^ km~^, = 0.3 km~^, sin^ ^23 = 0.5, and e = 0.25. 
The vertical bands indicate where the resonance conversions take place. In order 
to perform the plot we have artificially set po = 0. We want to recall here that 
both Pee and pee are normalized to the Ue flux, and therefore, while pee corresponds 
directly to survival probability, pee must be corrected by a factor (1 + e) in order 
to obtain the corresponding survival probability, pee = P{i^e ^e)(l + e)- This 
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Figure 6.10: Radial dependence of pee and pee corresponding to regions I (solid) and II 
(dashed) in Fig. 16.81 Left panel represents normal mass hierarchy and right panel inverted 
mass hierarchy. We assume Aq = 10^ km~^, wh = 0.3 km 
bands indicate regions where resonances take place |22j . 



^, and sin^ 023 =0.5. Vertical 



region, therefore, corresponds to the physics of oscillation discussed in Chapter [H 

B) Region II 

The region II, on the upper right corner, is defined by Aq ^ 1.4 x lO'' km~^ and 
Et-t > 10~^. As in I the matter density is so high that prevents neutrinos from under- 
going collective effects. However, the values of the diagonal NSI terms in this region 
are large enough to fulfill Eq. fl6.43p . causing the /-resonance to appear. In contrast 
to the previous case z/g and Ve are now created as z/™ (z^j^) and (z/™) for normal 
(inverted) mass hierarchy, cross adiabatically all resonances and leave the SN as V2 
{y\) and (v\) for normal (inverted) mass hierarchy [21]. The survival probabilities 
are now P(z/e — = P{ue i^e) ~ sin^ Ou (cos^ Ou) for normal (inverted) mass 
hierarchy. The black dashed lines in Fig. 16.101 show the expected radial evolution 
of Pee and Pee, respectively, when neutrinos and antineutrinos undergo an adiabatic 
/-resonance. The green band represents the presence of phases. As for region I, we 
have made the calculation assuming po = 0. However, we have analyzed the single 
energy and multiangle case within two-flavor framework for the range of parameters 
here discussed, and have verified that collective effects are indeed suppressed and 
the /-resonance is present for both normal and inverted hierarchies. That means 
that the behavior in region II corresponds indeed to the case discussed in Sec. 16.21 

C) Region III 

Let us now consider the lower part of Fig. 16.81 i.e. when Aq ^ 1.4 x 10^ km~^. The 
main characteristic of this scenario is the presence of collective effects. As it was 
discussed in Ref. [18], and here reviewed, these in turn depend on the relative po- 
sition of the /ir-resonance with respect to the synchronization and bipolar radius. 
We can then distinguish two different regimes: On the bottom left corner we define 
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the region III by the condition r^^ < rgyn, and on the bottom right corner we have 
region IV defined by r^r ^ "^Up- In the middle of both there is a transition region 
where rbip > r^r ^ ''"syn, which we will not consider here. 

Let us now discuss region III. According to Eq. fl6.45p this range of parameters 
satisfies the condition 

Xo[Yf + (2 - Y,)err] < 10^ km-i , (6.48) 

which, for = 0.5, roughly amounts to Ao^tt ^ 7.3 x 10"^ km~\ see Fig. 16. 8[ This 
situation can be reduced to the standard two-flavor scenario previously analyzed in 
this thesis. In order to better understand the consequences of collective effects it 
is convenient to recall that the impact of ordinary matter can be transformed away 
by going into a rotating reference frame for the polarization vectors. Collective 
conversions proceed in the same way as they would in vacuum, except that the 
effective mixing angle is reduced. The connection between flavor z/^ and vacuum z/j 
eigenstates can be done in the level crossing schemes by propagating the former ones 
from regions at high density to vacuum crossing all resonances non-adiabatically. 
The initial states z/g and Ue can therefore be identifled with ui and ui, respectively. 
If the neutrino mass hierarchy is normal, we begin in the lowest-lying state and 
nothing happens. The situation is then similar to that in region I, i.e. without 
collective effects, see left panel of Fig. 16.101 However in the case of inverted mass 
hierarchy both ui and ui correspond to the intermediate state. The effect of the self- 
interaction is to drive them to the lowest-lying states, which in this case are z/3 and 
1^3. This is shown by dashed arrows in the middle and bottom left panels of Fig. 16. 9[ 
In the case of u^. a fraction equal to eFp^ is not transformed and stays in and 
evolves as in the absence of neutrino-neutrino interactions, i.e. adiabatically through 
the L-resonance. The rest of Ue are transformed to z/™. As a consequence, the flnal 
Ue flux, normalized to the initial Ue one, is expected to be approximately pfg^' = 
e sin^ 9i2 + sin^ ^13 ^ 0.08. On the other hand, after the pair transformation z/g cross 
the if-resonance adiabatically and leave the star as z/i, leading to a flnal normalized 
flux of approximately p^^^^ = cos^ 612 — 0.7. This can be seen in Fig. 16.111 where 
we show in solid lines the radial evolution of Ue and z/g for inverted mass hierarchy 
assuming Aq = 4 x 10^ km~^, = 0.3 km~^, and sin^ ^23 = 0.4 (left) and 0.6 
(right). As can be seen in the flgure, the result is independent of the 6*23 octant. 
The evolution of neutrinos in this region of parameters therefore corresponds to the 
description given in Chapters H] and O 

D) Region IV 

Finally, neutrinos with parameters in the right bottom corner (region IV) will feel 
both collective and NSI effects. This region of parameters is deflned by the condition 
that the //r-resonance lies outside the bipolar region. According to Eq. fl6.45|l this 
amounts to 

XolYf + (2 - n)£,.] > 2 X 10^ km-i . (6.49) 

As discussed above, for the standard case and Fg = 0.5 this is satisfled for Aq > 
7 X 10* km~^, which implies a strong matter suppression of the collective effects. 
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Figure 6.11: Radial dependence of pee and pee for region III with Err = (solid) and 
IVa (dashed) with 10 for inverted mass hierarchy, and sin^ 622, = 0.4 (0.6) in 

the left (right panel). In both cases Aq = 4 x 10^ km~^ and Eer = 0. The bands around 
the lines represent modulations. Vertical gray bands stand for synchronized (dark) and 
bipolar (light) regime. Resonance regions are also displayed [22] . 



see Fig. 16. 8[ However, if NSI diagonal parameters are of the order of |£t-,-| > 5.3 x 
lOVAo (km~^) then one can avoid the matter suppression condition. Therefore the 
first NSI effect is to increase the value of y^^^nsi so that the Aq required to have the 
//r-resonance outside rbip is still consistent with the presence of collective effects. 
On top of that, if Err is of the order of a few % the condition given in Eq. fl6.43p 
is fulfilled for the typical values of Ye found in SNe. Thus, in the region IV we 
can distinguish two subsets of parameters denoted by IVa and IVb defined by the 
absence or presence of the /-resonance, respectively. For defineteness we set the 
boundary at Et-t = 10~^. 

Let us first consider the IVa region. Depending on Aq, i.e. on the instant consid- 
ered, this range of parameters implies values of {Errl from 10"'^ to ~ 10~^. Although 
these values are not high enough to induce the /-resonance they are sufficiently large 
to push the /ir-resonance outside the bipolar region. The situation is therefore anal- 
ogous to the one described in Chapter [51 That means a flavor pair transformation 
fgt'e — > z/a-z/j. due to collective effects only for inverted neutrino mass hierarchy, like 
in region III. However, the final matter eigenstates depend on the 623 octant. In the 
middle left panel of Fig. 16. 91 we show with solid lines the pair conversion for 6*23 in the 
first octant. In terms of matter eigenstates, z/g and are transformed into z/™ and 
z^™, respectively. The presence of the /ir-resonance in the neutrino channel leads to 
a difference of Ue with respect to region HI. In the left panel of Fig. 16.111 we show 
with dashed lines the evolution of z/g as function of the distance, for Err = 3 x 10~^ 
and sin^ 623 = 0.4. In the collective bipolar conversions, the excess e of z/g over z/g 
remains as whereas the rest will be transformed to i^f . As a consequence, the 
original z/g flux leaving the star can be written as pfg^' = e sin^ Ou + cos^ 612, which 
in our particular case amounts to roughly 0.75. If 623 belongs to the second octant 
the yur-resonance takes place in the antineutrino channel, see bottom left panel of 
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Fig. I6.9[ The pair z/g and z/g is driven to the lowest-lying states, which in this case 
are z/™ and z/™, for neutrinos and antineutrinos, respectively. Therefore, for the 
situation is completely analogous to that in region III, whereas z/g leave the star 
as z^2- In the right panel of Fig. 16.111 it is displayed with dashed lines the radial 
evolution of Uf. for 10 ^ and sin^ 6*23 = 0.6. It is remarkable that neither 

Ue nor Ue undergo the H resonance, and therefore are blind to the possible effect of 
the outwards propagating shock wave [TOl [TH 166] . 

It is important to notice that the same effect observed for the different octants 
of 023 can be obtained by fixing the octant and changing the sign of Err- This can 
be easily understood if we study the /xr-resonance condition, 

A(r) [Yf + (2 - Y,)err] ^ -ujr cos' ^13 cos 2^23 , (6.50) 

where we have neglected subleading solar terms. This condition dictates the channel 
where the resonance takes place. In the standard case this only determined by 
the hierarchy of neutrino masses and the octant of ^23- In the presence of NSI, 
though, the sign of left-hand side of the equation depends on that of Err, what 
therefore affects directly to the resonance condition. As a consequence, the same 
result of Fig. 16.111 is obtained by changing the sign of Err and the octant of 6*23, 
10 ^ and second octant for the panel on the left and first octant 
in the right panel. The bottom line is that, in the presence of NSI parameters 
such that I^T-T-I > a fewxlO^^, SN neutrinos are sensitive to the octant of 623, the 
absolute value of the NSI diagonal parameter as well as its sign. In this region, the 
propagation of neutrinos is analogous to the one described in Chapter [51 

Finally, for higher values of the NSI diagonal parameters. Err ^ 10~' (region 
IVb) , the internal /-resonance will arise. In this case one has to analyze the interplay 
between collective effects and the /-resonance. This is discussed in the next section. 

6.3.4 Collective effects and NSI-induced /-resonance 

In this section we analyze region IVb, defined by Aq ^ 1.4 x 10^ km~^ and Err ^ 10~', 
where both an adiabatic /-resonance and collective effects are present. If the /- 
resonance is not adiabatic then neutrinos within region IVb evolve exactly as in 
IVa. 

As can be inferred from Fig. 16. 7[ one of the main features of this scenario is 
that both effects happen nearly in the same region, namely the deepest layers right 
above the neutrino sphere. That means that the final result will also depend on 
the relative position between the bipolar region and the location of the /-resonance. 
Schematically two extreme scenarios can be identified. In one case the rise in the Ye, 
and consequently the /-resonance, takes place before the bipolar conversion region, 
see in the bottom panel of Fig. 16.71 In the second scenario one has first the bipolar 
conversion and then neutrinos traverse the /-resonance, see Y^ in the bottom panel 
of Fig. O 
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A) First NSI /-resonance 

Let us analyze here the case where the /-resonance happens in deeper layers than 
collective effects. This situation corresponds to the in the bottom panel of Fig. l6.7l 
and, according to SN numerical simulations it is the most likely situation. 

The main consequence of an /-resonance in the most inner layers, right after the 
neutrino sphere, is an inversion of the neutrino fluxes entering the bipolar region. 
For the initial flux pattern assumed this implies the following new pattern after the 
/-resonance: Fy^ = Fp^ = 0, F^^ = 1 + e, and Fp^ = 1 normalized to Fp^. Contrarily 
to the standard case, under this condition collective effects arise in the case of normal 
mass hierarchy. 

This can be understood using the pendulum analogy in the corresponding re- 
duced two flavor scenario, and keeping in mind that the bipolar conversion drives the 
neutrinos to the lowest-lying states. In the normal hierarchy the system is already 
created near the minimum of the potential. Thus, in absence of the /-resonance 
collective effects are not present. However once an adiabatic /-resonance is switched 
on the neutrino flavor is swapped and the system is driven to the maximum of 
the potential. In this situation bipolar effects act leading z/g and Ue back to the 
lowest-lying states, i.e. to z/™ and u^, respectively. See dashed arrows in the top 
right panel of Fig. 16.91 As a consequence both the /-resonance and the induced 
collective effects basically cancel each other. In the left panel of Fig. 16.121 we show 
the radial evolution of z/g and z/g. This cancellation between the /-resonance and 
collective effects is complete for z^g, which leave as P™, but not for z/g: its excess e 
over z/g is not transformed back to z/™ but remains as u^. Therefore in the case of 
a monochromatic neutrino flux we obtain pfg'^^ = esin^^i2 + sin^^is ^ 0.08, see left 
panel of Fig. 16.121 instead of simply sin^ 6'i3 = 10"^ as in left panel of Fig. 16.101 
This result does not depend on the 623 octant since the collective effects bring the 
z/gi/g pair to z/™z/™ in both cases. Hence, by comparing the left panels of Figs. 16.101 
and 16.121 one realizes that, except for the excess e, the situation for normal mass 
hierarchy is basically the same as in regions I, HI, and IVa. 

While this is true in the monoenergetic case a specific signature can be observed 
if we do not restrict ourselves to that case but consider the whole energy spectrum. 
The left panel of Fig. 16.131 displays the z/g and fluxes at the neutrino sphere, 
and /j^. We have assumed the parameterization given in Ref. |201j . 



with {E,J = 12 MeV, {E,J = 15 MeV, {E,J = 18 MeV, = 5, = 4.5 and 
f3y^ = 4. The normalization C^^ has been chosen such that F^'" = J f^J'{E)dE = 1, 
/r^^- = 1 + and F,^" = 1 - zt, with k = 0.15. 

As in standard case for inverted mass hierarchy, the excess e of z/g translates into 
a spectral split. However, in contrast to the standard case this excess concentrates at 
high energies. In the right panel of Fig. 16.131 we show the z/g fluxes after the bipolar 
region. In solid dark red lines is represented the case under discussion: normal mass 
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Figure 6.12: Same as Fig. 16. 10) for region IVb, for normal (left panel) and inverted (right 
panel) mass hierarchy. In the left panel it is shown the case sin^ ^23 = 0.4, while in the 
right panel the case sin^ ^23 = 0.6 is also displayed. In both cases Aq = 4 x 10^ km~^ and 
e^-T = 5 X 10~^ and Eer = 10"'^. The /-resonance is assumed to occur before the collective 
effects [22]. 



hierarchy in region IVb. By comparing the two panels one sees how the conversion 
i^e takes place only at low energies. This is exactly the contrary to what occurs 
for the standard case (inverted mass hierarchy in region III), shown as solid light red 
lines, where the untransformed flux concentrates at low energies. For completeness 
we show also the other cases. In the region of parameters I, III and IVa there is 
neither collective effects nor /-resonance for normal hierarchy, then the fluxes after 
the bipolar region coincide with the initial ones, jy^ = f^j' and f,^^ = f^j'. In region 
II, the /-resonance implies a complete conversion ^ i/^, what leads to a spectral 
swap, = f^j- and = f^;. 

The case of inverted mass hierarchy is more subtle. According to the previ- 
ous discussion one would expect no collective effects after neutrinos traverse the 
/-resonance. The system starts its evolution near the maximum of the potential 
and, in the absence of NSI, the bipolar conversions would take it to the minimum. 
What the /-resonance is doing in this language by swapping the flavor eigenstates 
is to take the system to the minimum of the potential before any collective effects 
can arise. The new stable situation prevents bipolar conversions, leaving the system 
unchanged until the outer resonances are reached. And this is indeed what happens 
if ^23 lies in the flrst octant, see middle right panel of Fig. 16.91 After the /-resonance 
the original and Ue are already in the state of "minimum energy", which in this 
case corresponds to z/™ and t/™ [u^ and after rotating the matter term away). 
Hence no collective effects take place, and and Ue leave the star as ui and ui, 
respectively, see solid lines in the right panel of Fig. 16.121 

However if ^23 belongs to the second octant things are different. The /-resonance 
drives now Ue and Ue to the states of "maximum energy" , z/2 and U2 after rotating the 
matter term away, see bottom right panel of Fig. 16. 9[ That means, that in contrast 
to the flrst-octant case, when the neutrinos traverse the bipolar regime they will be 
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Figure 6.13: Left: V(, and Ux fluxes as emitted at tlie neutrino sphere. Right: Ue flux after 
the bipolar region for different cases. In the region IVb it is assumed that the /-resonance 
occurs before than the bipolar conversion |22j . 



driven to the lowest-lying states, i.e. z/2Z/2 ~^ J^si^s, see dashed arrows in the figure. 
In terms of matter eigenstates that means a pair conversion from v^v^ into i^™z/™. 
In the right panel of Fig. 16.121 we show in dashed lines the evolution of v^. and as 
function of distance for sin^ = 0.6. The bipolar conversion can not be seen as 
it occurs between i/™z/™ and v^v^., while Ve and Ve coincide in that region with z/™ 
and J/™, respectively. At the end, Ue leave the SN as z/2, see right panel of Fig. I6.12[ 
In the case of u^. the excess e over z/e remains as z/™ whereas the rest is transformed 
to z/™. Therefore for a monoenergetic flux we find Pgg^' = e cos^ 612 + sin^ ^13 ^ 0.2. 
By comparing the right panel of Figs. 16.111 and 16.121 one realizes that this case 
is analogous to IVa. Since the collective effects do not affect z/g and Ve directly, 
considering neutrinos with an energy spectrum, one expects simply a complete swap 
of spectra, f^^ = and f,^^ = f^^, like in scenario II, see right panel of Fig. 16.131 

The final conclusion is that the propagation of neutrinos with parameters in 
region IV is practically independent of the presence (IVb) or not (IVa) of the I- 
resonance. The main consequence of the /-resonance is to remove the spectral split 
expected in the inverted mass hierarchy, and create an inverted spectral split for z/g 
for normal mass hierarchy. 

B) First Collective 

For completeness we have also considered the possibility that the bipolar conversion 
takes place before neutrinos traverse the /-resonance. This situation corresponds 
schematically to the profile in the bottom panel of Fig. 16.71 

The case of normal mass hierarchy is completely analogous to the one of region 
II, that is, absence of collective effects and /-resonance. The z/g and Ue are created 
as and z/™, respectively. Therefore, if all resonances involved, /, /ir, H, and 
L, are adiabatic then they leave the SN as 1^2 and 1/2, respectively, see left panel of 
Fig. I6.14[ The result is identical to the one shown with dashed lines in the left panel 
of Fig. EM 
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Figure 6.14: Same as Fig. 16.121 but assuming that the coUective effects take place before 
the /-resonance [22]. 



The situation with inverted mass hierarchy depends significantly on the 623 oc- 
tant. Rotating the matter term away z/g and i^e are created as the intermediate 
states z/i and ui. Collective effects drive them to the lowest-lying states z/3 and U3. 
However the corresponding matter eigenstates are different depending on whether 
623 belongs to the first or to the second octant. In the first case, most of u^. and Ue 
end up as z/™ and before crossing the /-resonance, see solid arrows in the middle 
right panel of Fig. 16.91 The excess e of stays as i^™. As a consequence, the final 
z/g and Ue fluxes, normalized to the initial Ue one, are Pgg^' = e cos^ Ou + sin^ Ou and 
Pee^' = sin^^is, respectively. See solid lines in the right panel of Fig. I6.14[ Except 
for the excess e in i/g the net result is a cancellation of the collective effects and 
the /-resonance, leading to a similar result as in region I (solid lines in right panel 
of Fig. I6.10p . Qualitatively, the main difference shows up in the z/g spectrum. The 
initial collective effects induces a "standard" spectral split, i.e. spectral swap only 
at high energies. Nevertheless, as neutrinos cross the /-resonance this split turns 
into an inverse one, with a swap at low energies. The final result right after the 
/-resonance is analogous to the case of normal mass hierarchy and the /-resonance 
happening first, displayed with dark red solid lines in the right panel of Fig. 16.131 

If 623 lies in the second octant then most of z/g and z/g end up as and z/™. As 
can be seen in the solid lines in the bottom right panel of Fig. 16.91 these neutrinos 
will not traverse the /-resonance, except the excess e of z/g, which stays as z/™. 
These neutrinos will be basically blind to the /-, //-, and L-resonances. The final 
fluxes will be therefore p^'^^^ = sin^^is + ecos^6'i2 and p^^^^ = sin^^i2. This case is 
represented with dashed lines in the bottom right panel of Fig. 16.141 In the end the 
final evolution turns out to be similar to that in region IVb. 

6.3.5 Discussion 

In the previous sections we have studied the consequences of NSI on the neutrino 
propagation through the SN envelope taking into account the presence of a neutrino 
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background. We have analyzed the different situations in terms of the non-universal 
NSI parameter e-rr and the density at the neutrino sphere Aq. Depending on their 
values we were able to identify four extreme regions of the parameters where the 
evolution of the neutrinos have a specific pattern. 

In a realistic situation, though, we expect to find a combination of these situa- 
tions depending on the instant considered. As mentioned in Sec. 16.3.11 one expects 
the value of Aq to decrease with time as the explosion goes on. Therefore it is impor- 
tant to look for a time dependence in the neutrino propagation for given values of 
the NSI parameters. In Fig. 16.151 we show the relationship between z/e (top panels) 
and Ve (bottom panels) and the matter eigenstates at the SN surface as function of 
time for different neutrino mass and mixing schemes and for a given value of Err- 
The evolution in time shown in each panel is equivalent to consider Fig. 16. 8^ fix a 
value in the x axis corresponding to some Srr and following vertically towards lower 
values of Aq. Depending on Err and the instant considered one can distinguish dif- 
ferent regions separated by vertical bands denoting transition phases. The position 
and the size of these transition bands are not constant but depend on time, as /xo 
and e do. Nevertheless, unless multiangle decoherence is triggered (by e.g. a strong 
reduction of e [IZ]), the sequence of different regimes undergone by the neutrinos is 
not expected to change drastically. 

Let us first discuss the antineutrino case, because they would give rise to most 
of the signal. The bottom left panel corresponds to the standard case, i.e. Srr = 0. 
On the left we have early times (or large Aq), which corresponds to the region I in 
Fig. 16. 8[ From the previous discussion, we know that for such a case and normal 
mass hierarchy (red box) i/g leaves as ui whereas in inverted mass hierarchy they 
escape as due to the adiabatic if-resonance, see Figs. 16.91 and I6.1UI At later 
times, Aq becomes smaller and matter can not suppress collective effects any longer, 
i.e. neutrinos enter region III. These affect only in the inverted mass hierarchy case 
"canceling" the if-resonance conversion and making z/g to escape as i^i. There is 
then a time dependence in the survival z/g probability for inverted mass hierarchy but 
not for the normal one. As can be seen in the panel this behavior does not depend 
on the 6*23 octant, see Figs. 16.91 and l6. Ill In terms of Ue survival probabilities there 
is then a transition from sin^ 6*13 ^ at early times to cos^ 6*12 ~ 0.7 at later times, 
the details depending on the specific time evolution of A(r). 

Let us now take the bottom middle panel, with 10 ^. The situation at 

early times is the same as in the previous panel, described by the region I. However 
at intermediate times the situation changes in the case of inverted mass hierarchy. 
Now the NSI parameters make the evolution go through region IVa before entering 
eventually region III. The /ir-resonance is pushed outside the bipolar region and then 
the degeneracy between the two 623 octants is broken: for 623 in the first octant (blue 
box) z/g leaves as z/i whereas for the second octant (green box) they escape as z>2, 
see Figs. 16.91 and 16.111 At later times Aq further decreases and the /ir-resonance 
contracts to deeper layers within rgyn. That means neutrinos cross to region III and 
the 623 octant degeneracy is restored. Concerning the z/g survival probability, as 
before there is a transition from sin^ 613 ^ directly to cos^ ^12 ~ 0.7 for 6'23 in the 
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first octant, and from sin ^ tlirougli sin^6'i2 ^ 0.3 until cos^6li2 ^ 0.7 if 623 
lies in the second octant. As it was discussed an analogous effect would arise for a 
fixed 6*23 and different signs of Err- 

Finally, we consider the case where the NSI parameters are large enough. Err = 
5 X 10^^, to induce the /-resonance. Now, at early times neutrino propagation 
follows the prescription given in region II. For normal mass hierarchy leave as 
1^2, whereas for inverted they escape the star as ui for both octants, see Figs. 16.91 
and l6.12l After this phase neutrinos enter the region IVb. That means that collective 
effects arise and, as before, they break the degeneracy of the 623 octant for inverted 
mass hierarchy. 

The bottom line is that if I^t-tI ^ a 10~^ neutrinos cross the region IV during some 
seconds, and this could help disentangle the 6*23 octant. If the octant were known 
one could obtain information about the sign of the non-universal NSI parameters. 

In the upper panels we show the same kind of plots but for neutrinos. The main 
difference with respect to antineutrinos is that in the presence of collective effects z/g 
are not fully converted like u^- Some fraction of them, corresponding to the excess 
over Ug, remains unaffected. This excess is represented in Fig. 16.151 with the small 
colored portion at the right hand side of the corresponding boxes. As it has been 
discussed, this excess of Ue is translated into a spectral split. That means that the 
flavor spectral swap happens only for some energies. Whether these correspond 
to the low-energy tail or high-energy tail of the initial spectrum depends on the 
neutrino properties, see right panel of Fig. 16.131 Therefore one could hope to use 
this additional information to break possible degeneracies between different mass 
and mixing schemes and different values of the NSI parameters. 

Throughout the analysis we have limited ourselves to the case of NSI with d 
quarks. Nevertheless most of the results here presented can be generalized to the 
case of u quarks and e. In the first case the only effect is to shift the position of the 
/-resonance, since the resonance condition is modified to Y"/ = Err/ (1 —£tt) [21]. In 
the case of e the /-resonance is absent. But nevertheless its contribution to increase 
the value of Y^^^^ would also make the neutrino propagation highly sensitive to the 
6*23 octant and to its own sign, exactly as in the case of d quark. 

Last but not least we briefly comment on the possibility to observe the different 
regimes analyzed. This possibility will be hampered by several uncertainties inherent 
in SN neutrinos. One is the lack of knowledge on the exact matter profile traversed 
by the outgoing neutrinos. In our study we assumed a simple power law given in 
Eq. fl6.34l) . This density profile will be significantly distorted by the passage of the 
shock wave responsible for ejecting the whole SN envelope [TQl 11801 1181] . One of 
the main effect will be to destroy the adiabaticity of the //-resonance, which was 
assumed in the study. This effect, though, is not always present but depends on 
the neutrino properties. Therefore, far from being a problem, the time and energy 
dependence modulation introduced in the spectra could further help disentangle 
between the different scenarios here considered [7T] 166 ] [2T]. 

Another important source of uncertainties is our ignorance of the exact initial 
fluxes f^^{E). Although the initial fluxes during the first stage of the explosion. 
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Figure 6.15: Relationship between z/e (top panels) and Ue (bottom panels) and the matter 
eigenstates at the SN surface as function of time for different neutrino mass and mixing 
schemes and for given values of Et-t = (left), 3 x 10~^ (middle), and 5 x 10~^ (right). 



the neutronization burst, are rather model independent [202] . the expected number 
of events is very low. Most of the signal is generated later, during the accretion 
and cooling phases. The spectral features observed in the numerical simulations 
depends strongly on the properties of the SN. It is therefore necessary to set up 
strategies combining different observables to be able to pin down the underlying 
neutrino properties independently of the initial fluxes. These include among others 
to analyze the spectral modulations expected if neutrinos cross the Earth before 
being detected [2031 I204[ I205[ I206j . or benefit from the time dependence of the 
matter profiles A(r) and Yeir) themselves [2T]. 



6.4 Summary 

We have reexamined the effect of NSI on the neutrino propagation through the SN 
envelope within a three-neutrino framework, first in the absence and later in the 
presence of a neutrino background. We have found that the small values of the 
electron fraction, typical of the more deleptonized inner layers, allow for internal 
NSI-induced resonant conversions, in addition to the standard MSW-H and MSW- 
L resonances of the outer envelope. These new flavor conversions take place for a 
relatively large range of NSI parameters, namely \eaa\ between 10"^ — 10~^, and 
kerl ^ few X 10~^, currently allowed by experiment. For this range of strengths, 
in particular e^,-, NSI can significantly affect the adiabaticity of the if-resonance. 
We have also obtained that when including neutrino self-interaction to the system 
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and considering |e^T-| > few x 10"'* the neutrino propagation becomes for some time 
sensitive to the 622, octant and the sign of Stt- Furthermore, the coexistence of 
collective effects and the /-resonance may lead to an exchange of the neutrino fluxes 
entering the bipolar regime. The main consequences being a bipolar conversion 
happening for normal mass hierarchy and an inverted spectral split. 
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Chapter 7 
Conclusions 



Neutrino physics has reached a point where one can start talking about precision 
physics. In the last ten years the situation has changed from having no experimental 
evidence of massive neutrinos to measuring the oscillation parameters within errors 
of 5% to 10%. The conditions are, therefore, ideal for the study of neutrino non- 
standard properties while we improve the precision in the measurement of their 
oscillation parameters. These two research lines, together with the determination 
of the Dirac or Majorana nature of neutrinos, are nowadays centering the effort 
of the neutrino physicists community. The thesis here presented has followed this 
philosophy. We have analyzed various aspects of neutrino phenomenology in two 
different scenarios: accelerator and reactor terrestrial experiments, and neutrinos in 
a supernova (SN) environment. 

In this way, we have started with a series of introductory chapters, where we 
have reviewed, in a general form, the physics of SN explosions, neutrino oscillations 
and the effect of non-standard interaction (NSI). With these important concepts 
already clarified, we have discussed whether OPERA could help in constraining 
neutrino NSI, improving the results obtained from MINOS and Double Chooz. The 
motivation for this study is twofold. Firstly, OPERA will measure for the first 
time the oscillation ^ Vt-, detecting directly the Vr'-, secondly, the distance-energy 
(L/E) relation is very different for MINOS and OPERA. Both conditions could help 
in distinguishing NSI from standard oscillations. The inclusion of Double Chooz into 
the analysis limits 613 in an independent way, since it is not sensitive to NSI because 
of the short distance involved and the low energy of its neutrinos. In our study 
we have obtained that the main improvement coming from OPERA is due to the 
different L/E relation with respect to MINOS. However, the limits we got from 
their combination do not increase the precision obtained with atmospheric neutrino 
experiments. Furthermore, the expected z/^- signal in OPERA is too low to be of 
statistical significance, helping only for large values of 613. 

Regarding the main neutrino scenario discussed in this thesis, i.e. core collapse 
SN, we have essentially focused on two effects. On the one hand, we have analyzed 
neutrino self-interaction in the SN envelope, recently confirmed to be of special 
importance in their evolution. This piece of the system had been underestimated 
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for a long time, and only very recently its relevance has been recognized, drastically 
changing SN neutrino's evolution paradigm. Before this discovery, their evolution 
was basically determined by the adiabaticities of the MSW H and L-resonances. In 
contrast, it has been shown that neutrino collective conversion effects can occur in 
the most inner layers of the star, given the appropriate astrophysical (matter and 
neutrino densities, hierarchy of fluxes. . . ) and neutrino (inverted mass hierarchy) 
conditions. The nature of these transformations is very different from that of the 
standard resonances. 

In this thesis we have reviewed the collective transformation phenomenon. We 
have payed special attention to the most relevant effects, mainly the inversion of 
the neutrino fluxes entering the MSW resonances, and the spectral split. Keep- 
ing this in mind, we have studied, in a two flavor scenario, the consequences that 
could result from the multi-angular nature of the system, being neutrinos emitted 
from a spherical surface, the neutrino sphere. This condition can induce kinemati- 
cal decoherence, since different angular modes feel different refraction index in the 
medium. We have identified two possible sources of decoherence, one related to the 
self-interaction term, and another to the interaction with matter, which will have 
different magnitude depending on the emission angle. From our study we conclude 
that the first one does not involve any risk, given the characteristics obtained in the 
simulations of this kind of explosions. The second source, in contrast, translates 
into a time dependence of the expected signal. At the initial moments of the ex- 
plosion, when the matter density near the neutrino sphere is much larger than the 
neutrino one, a suppression of the collective phenomenon is obtained. As time goes 
on, the matter density is reduced becoming comparable to the neutrino one. We 
then obtain a transition region marked by the decoherence. Nevertheless, the matter 
density will quickly become lower than that of neutrinos, recovering the collective 
effects. After having clarified the decoherence topic, we have studied the existence 
of possible characteristic three-flavor effects. In summary, we have obtained that 
in the absence of second order corrections to the potentials affecting i/^ and Vr-, the 
system can be always reduced to the two flavor case. However, if we take into ac- 
count the radiative corrections, the Vf. and survival probabilities can be modified, 
and depend on the octant. This effect however, requires a large matter density, 
which in turn would suppress the collective effect. 

The second important point we have discussed in the SN scenario is the effect 
that the inclusion of the possible NSI would induce in the neutrino propagation. This 
effect occur in the same region where collective neutrino transformation phenomena 
take place. Therefore, we have first clarified the genuine NSI effects by initially 
neglecting any self- interaction effect. The most important consequence we have 
obtained in our study is the appearance of a new resonance (J) in the internal 
regions of the SN. It is related to the low values of the electron fraction in the 
most deleptonized layers of the star, near the neutrino sphere. Furthermore, we 
obtain a modification in the H and L-resonance conditions, basically affecting their 
positions. The interplay of NSI and neutrino self-interactions has very interesting 
consequences for the propagation of SN neutrinos. First, the time dependence of the 
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collective effects is modified in the presence of NSI. For some time, the evolution of 
neutrinos becomes sensitive to the octant of 6*23 and the sign of Err, provided that 
l^^^l > 10""^. This is an analogous effect to that obtained as a consequence of the 
radiative corrections to the potentials. The difference here is that the presence of NSI 
lowers the density required to induce the effect, and the tension with the suppression 
of the collective effects is therefore relaxed. On the other hand, if {errl ^ 10~^ the 
/-resonance comes into play, which in the case of being adiabatic will transform the 
neutrino fluxes entering the bipolar region. As a consequence, we will obtain bipolar 
conversion for normal mass hierarchy case and an inverted spectral split. 
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La fisica de neutrins ha arribat a un punt en que pot comengar a parlar-se de fisica de 
precisio. En els darrers deu anys s'ha passat de no tindre cap evidencia experimental 
de la massa dels neutrins a la determinacio dels parametres d'oscil-lacio amb errors 
entre el 5% i el 10%. Es donen, doncs, les condicions per a buscar possibles propi- 
etats no estandard dels neutrins alhora que s'incrementa la precisio en la mesura 
dels sens parametres. Aquestes dues linies d'investigacio, junt a la determinacio de 
la naturalesa de Dirac o Majorana dels neutrins, centren actualment els esforgos de 
la comunitat de fi'sics de neutrins. La tesi acf presentada ha seguit aquesta filosofia. 
Hem fet una analisi de diversos aspectes de fenomenologia de neutrins en dos esce- 
naris diferents: per un costat experiments terrestres d'accelerador i reactor i per un 
altre neutrins emesos per una supernova (SN). 

Aixi doncs, hem comengat amb una serie de capftols introductoris on hem revisat 
de forma general la fisica de les explosions de SN, d'oscil-lacio de neutrins i les seues 
possibles interaccions no estandard (NSI). Amb aquests conceptes clarificats, hem 
discutit la possibilitat de millorar els limits sobre les NSI obtinguts als experiments 
MINOS i Double Chooz amb la inclusio d'OPERA. La motivacio d'aquesta analisi es 
doble. En primer Hoc, OPERA es el primer experiment capag de mesurar I'oscil-lacio 
z/^j — > Vj. detectant directament els Vt'-, en segon Hoc, la relacio distancia-energia 
(L/E) es molt diferent entre MINOS i OPERA. Totes dues condicions podrien 
ajudar a distingir entre oscil-lacions estandard i NSI. La inclusio de Double Chooz 
en I'analisi permet limitar de forma independent ^13, ja que no es sensible a les NSI 
degut a la curta distancia involucrada i la baixa energia dels neutrins. Al nostre 
estudi hem trobat que la principal millora que OPERA aporta ve de la seua diferencia 
en L/E respecte a MINOS. Tot i aixo, els limits que s'obtenen no augmenten la 
precisio aconseguida en experiments amb neutrins atmosferics. D'altra banda, el 
senyal de Ur esperat en OPERA es massa baix per a ser estadisticament significatiu, 
ajudant nomes per a valors grans de ^13. 

Respecte al principal escenari de neutrins discutit en aquesta tesi, les explo- 
sions de SN per col-lapse gravitatori del nucli, ens hem centrat essencialment en 
dos efectes. D'un costat, hem analitzat I'autointeraccio dels propis neutrins en la 
seua propagacio a traves de la SN, recentment constatat com d'especial importancia 
en la seua evolucio. Aquesta pega del sistema havia sigut menyspreada durant 
molt de temps, i nomes als darrers anys s'ha reconegut la seua rellevancia, canviant 
drasticament el paradigma d'evolucio de neutrins de SN. Abans d'aquest desco- 
briment, la seua evolucio venia determinada basicament per I'adiabaticitat de les 
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ressonancies MSW: H i L. Per contra, s'ha vist que en la regio interna de I'estel, 
donades les condicions apropiades tant astrofisiques (densitat de materia i de neu- 
trins, jerarquia de fiuxos per als diferents sabors de neutrins. . . ) com dels propis 
neutrins (jerarquia inversa de massa), poden ocorrer efectes col- lectins de conversio 
de sabor en neutrins i antineutrins, de naturalesa molt diferent a la de les res- 
sonancies estandard. 

En aquesta tesi hem fet, doncs, una revisio del fenomen parant especial atencio 
als efectes mes destacats, que principalment son la inversio del flux de neutrins 
que entren en les ressonancies MSW i el "trencament de I'espectre" (spectral split). 
Partint d'aquesta base, hem estudiat, en un escenari de dos sabors, les conseqiiencies 
que la naturalesa multiangular del sistema pot tindre en la seua evolucio, per ser 
els neutrins emesos des d'una superffcie esferica, la neutrinosfera. Aquesta condicio 
pot donar Hoc a una decoherencia cinematica en el sistema, ja que els diferents 
modes angulars senten diferent index de refraccio amb el medi. Hem identiflcat 
dues possibles fonts de decoherencia, una deguda al terme d'autointeraccio dels 
neutrins, i altra a la interaccio amb la materia, que tindra diferent intensitat segons 
Tangle d'emissio. Del nostre estudi concloem que la primera no suposa un perill per 
a I'estudi de neutrins de SN, donades les caracterfstiques que tipicament s'obtenen 
en les simulacions d'aquest tipus d'explosions. La segona font, per contra, comporta 
una dependencia temporal del senyal esperat. En els instants inicials de I'explosio, 
quan la densitat de materia prop de la neutrinosfera es molt gran comparada amb la 
de neutrins, s'obte una supressio del fenomen coMectiu. Conforme passa el temps la 
densitat de materia disminueix fent-se comparable a la de neutrins. S'obte, aleshores, 
una regio de transicio marcada per la decoherencia i per tant perdua de la informacio 
de I'espectre incial dels neutrins. No obstant, la densitat de materia rapidament es 
fara inferior a la de neutrins, recuperant I'efecte coMectiu. Una vegada aclarit el 
tema de la decoherencia, hem estudiat I'existencia de possibles efectes caracterfstics 
de tres sabors. En resum, hem obtingut que en absencia de correccions de segon ordre 
als potencials que afecten els z/^ i i/,-, el sistema pot ser reduit sempre al cas de dos 
sabors. No obstant, si tenim en compte les correccions radiatives als potencials, les 
probabilitats de supervivencia dels i i^e es poden veure drasticament modificades, 
depenent sensiblement de I'octant de 923- Aquest efecte pero, precisa d'una alta 
densitat de materia, i possiblement estiga amagat sota la supressio del fenomen 
coMectiu que aixo comporta. 

El segon punt important que hem tractat dins d'un escenari de SN es I'efecte que 
la inclusio de possibles NSI tindria en la propagacio dels neutrins. Aquestes afecten 
en la mateixa regio interna de la SN on tenen Hoc els fenomens de transformacio 
coMectiva de neutrins. Per tant, hem volgut clarificar primer els efectes genuins de 
les NSI, analitzant inicialment el sistema en absencia d'autointeraccio dels neutrins. 
La conseqiiencia mes important d'aquest estudi es I'aparicio d'una nova ressonancia 
(/) en les regions internes de la SN, relacionada amb valors xicotets de la fraccio 
electronica en la zona mes deleptonizada de I'estel, prop de la neutrinosfera. A mes 
a mes, s'obte una modiflcacio en les condicions de les ressonancies H i L, basicament 
afectant a la seua posicio. L'estudi conjunt de les NSI i I'autointeraccio dels neutrins 
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te conseqiiencies molt interessants per a la propagacio dels neutrins de SN. En 
primer Hoc, la dependencia temporal dels fenomens coMectius es veu modificada per 
la presencia de les NSI. Durant un cert temps la propagacio dels neutrins es torna 
sensible a I'octant de ^23 i al signe de Err, sempre i quan le^-^l > 10~^. Aquest efecte 
es analeg al que obtenfem degut a les correccions radiatives, amb la diferencia que 
la presencia de NSI disminueix la densitat requerida per a induir I'efecte. Es relaxa 
aixi la tensio amb la supressio del fenomen coMectiu deguda a I'alta densitat de 
materia. D'un altre costat, si le^rl ^ 10~^ la ressonancia / entrara en joc, la qual, 
en cas de ser adiabatica, transformara els fluxos de neutrins que entren a la regio 
bipolar. Com a conseqiiencia obtindrem conversio bipolar per a jerarquia normal de 
masses i un trencament de I'espectre invers. 



172 Conclusions 



Appendix A 
Equations of motion 



A.l Temporal evolution 

A homogeneous ensemble of unmixed neutrinos is represented by the occupation 
numbers /p = (a|,ap) for each momentum mode p, where aj, and the rel- 

evant creation and annihilation operators and (...) is the expectation value. A 
corresponding expression can be defined for the antineutrinos, /p = (a^pttp), where 
overbarred quantities always refer to antiparticles. In a multiflavor system of mixed 
neutrinos, the occupation numbers are generalised to density matrices in flavor 
space [2071 HZS EQH] 

{Qp)ij = {aUj)p and {gp)ij = (a] ai)p . (A.l) 

The reversed order of the flavor indices i and j in the right-hand side for antineutrinos 
assures that and ^p transform identically under a flavor transformation. 

Flavor oscillations of an ensemble of neutrinos and antineutrinos are described 
by [2071 [T76l[2n8] 

ic^t^p = [Hp, ^p] and idtQp = [Hp, ^p] , (A. 2) 

where [■, ■] is a commutator. The "Hamiltonian" for each mode is 

Hp = fip + AL + V2GF |^(f5q-^q)(l-vq-vp), (A.3) 

where Gp is the Fermi constant. The matrix of vacuum oscillation frequencies for 
relativistic neutrinos is in the mass basis Qp = diag(m^, m|)/2p with p = |p|. 
The matter effect is represented by A = \/2 GF('T-e~ —ne+) and L = diag(l, 0, 0), given 
here in the weak interaction basis. We ignore the possible presence of other charged- 
lepton flavors. The Hamiltonian for antineutrinos Hp is the same with Qp —^p, 
i.e., in vacuum antineutrinos oscillate "the other way round." 

The factor (1 — Vq ■ Vp) = (1 — cos6'pq) represents the current-current nature of 
the weak interaction where Vp = p/p is the velocity. The angular term averages to 
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zero if the gas is isotropic. We ignore a possible net flux of charged leptons lest the 
ordinary matter effect also involves an angular factor. 

If the system is axially symmetric relative to some direction, the angular factor 
simplifles after an azimuthal integration to |160[ 1164] 

(l-Vq-Vp)^(l-t;qt;p), (A.4) 

where the velocities are along the symmetry axis. 



A. 2 Spatial evolution in spherical symmetry 

Instead of a homogeneous system that evolves in time we consider a stationary 
system that evolves in space. The occupation numbers become Wigner functions, 
which depend both on spatial coordinates and on momenta, but there is no concep- 
tual problem as long as we consider spatial variations that are slow on the scale of 
the inverse neutrino momenta. 

Since multi-angle effects are at the focus of our problem, we cannot reduce the 
equations to plane waves moving in the same direction. Motivated by the SN ap- 
plication, however, we can take advantage of global spherical symmetry, implying 
that the ensemble is represented by matrices that depend on a radial coordinate 
r, the zenith angle relative to the radial direction, and the energy E which in the 
relativistic limit is identical with p = |p|. 

We ignore gravitational deflection near the SN core and assume that neutrinos 
move on straight lines after being launched at a radius R that we call the neutrino 
sphere. Consider a neutrino that was launched at an angle 'dn relative to the radial 
direction. Its radial velocity is 

Vr = COS'^R ■ (A. 5) 

At r > R the trajectory's angle relative to the radial direction is implied by simple 
geometry to be |16U] (see e.g. their Fig. 1) 

Rsm-&R = r siwdr ■ (^-6) 



Therefore, the radial velocity at r is 



Vu,r = COS'dr ~ y 2 ^ i-^-'^) 

where we have introduced 

u = l- vl = sin^^R. (A.8) 

It is convenient to label the angular modes with u. The physical zenith angles change 
with distance so that the equations would be more complicated. 

The density matrices gp^u,r are not especially useful to describe a spherically 
symmetric system because they vary with r even in the absence of oscillations. (Note 
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that we often write the dependence of a quantity on a variable as an subscript.) A 
quantity that is conserved in the absence of oscillations is the total flux matrix 

To express the integral in co-moving variables we observe that d^p in spherical 
coordinates is p^d-pdipdcos-dr and that Eq. flA.7p implies 



d cos "dr 



1 



dn 

Therefore, we finally define the differential flux matrices 



(A.IO) 



I _ P^^P^^^r rA 111 

~ 2 (27r)2 ' ^ ' 

where we have used J d(p = 27r for axial symmetry. The normalization is 

■ir = du dp ^p^u,r ■ (A.12) 

Jo Jo 

In the absence of oscillations the total and differential fluxes are conserved, dr^r = 
and Jp^tx^r* ~ 0* 

To include oscillations, we note that the radial velocity along a neutrino tra- 
jectory is Vu,r = dr„/dt = cosi}u,r- Therefore, if we wish to express the temporal 
evolution of the neutrino density matrix along its trajectory in terms of an evolution 
expressed in terms of the radial coordinate r, we substitute dt — > Vu,rdr in Eq. (1A.2I) 
so that 

ia. W = -^"'"■'^^ (A. 13) 

and analogous for antineutrinos. In other words, we project the evolution along a 
given trajectory to an evolution along the radial direction. For vacuum oscillations 
this has the effect of "compressing" the oscillation pattern for non-radial modes, 
i.e., even for monochromatic neutrinos, the effective vacuum oscillation frequency 
depends on both r and u. 

The vacuum-oscillation and ordinary-matter contributions to Hp „ were given 
in Eq. (lA.Sp . whereas the self-term must be made explicit. To this end we introduce 
the matrix of number densities 

and its integral as 

rl roQ roo roc i 

N, = / du dpNp,„,, = du dp^^. (A.15) 

./n ./n .In .In V^.r 



176 



Appendix A: Equations of motion 



Collecting all terms and taking advantage of Eq. flA.4l) for axial symmetry, we find 

/ - - \ 

+V2Gf ^ ( [N^ - N„ Np,„,,] - [J, - J„ Jp,„,,] j , 

+ V2Gf —(^[K-K, K,u,r] - [Jr - X, \u,r] ) , (A. 16) 

where the electron density's radial variation is included in A^. 
A. 3 Angular emission characteristics 

In a numerical simulation we need to specify the fluxes at the neutrino sphere r = R. 
For our usual multi-angle simulations we assume that the neutrino radiation fleld 
is "half isotropic" directly above the neutrino sphere, i.e., that all outward- moving 
angular modes are equally occupied as behooves a thermal radiation fleld. Therefore, 
the occupation numbers are distributed as dra/d cos = const., implying that 
the radial fluxes are distributed as dj'/dcos-i^R = w/jdn/d cos-i?/?^ oc cos^r because 
Vr = cos Expressed in the angular variable u this implies dj/du = const, 
because of Eq. flA.lOp . In other words, a blackbody radiation fleld at the neutrino 
sphere implies that 

J„ = const. (A. 17) 

in the interval < n < 1. 

To avoid multi-angle effects one may sometimes wish to use a single angular bin. 
To represent a uniform distribution, the natural choice is m = 1/2, corresponding 
to a launch angle = 45°. Our numerical single-angle examples always correspond 
to this choice in an otherwise unchanged numerical code. 

In this case the radial velocity of all neutrinos as a function of radius is 



i?2 

1-— . (A.18) 



For a monochromatic spectrum, the remaining flavor matrices are simply the total 
(corresponding to the single u = 1/2) and = Sr/vr- Ignoring the trivial ordinary 
matter term, the equations of motion are 

id J, = £^ + v^Gf ^ f 4 - [X - J- Jr] (A.19) 

and analogous for the antineutrinos. The coeflicient of the neutrino-neutrino term 
is explicitly 

(A.20) 
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At the neutrino sphere this expression becomes equal to ^/2Gf, whereas at large 
distances it is (\/2Gf/2) /r^. As observed in the previous literature, the neutrino- 
neutrino term dies out at large distances as r~^. 

One can define a "single-angle case" somewhat differently. Assuming all angular 
modes evolve coherently, we can integrate the equations of motion over du and 

study the evolution of the quantities Jp^r = /g^ ^uJp^u,r- To write the equations in a 
compact form we introduce the notation 

1 = J_ j\u^-^. (A.21) 

^'r -^r Jo Jo '^u,r 



The full equation of motion Eq. flA.16|) for neutrinos becomes 



+ v^^F ^ - l) [J. - J., V] (A.22) 

and analogous for antineutrinos with Qp —Qp. 

At large distances we have 1/v* = 1 + \{R/rY{u) where {u) is the average of 
u at emission. For the vacuum and matter terms, we only need the leading terms 
so that we recover the familiar plane-wave form of the equations of motion. The 
coefficient of the neutrino-neutrino term, on the other hand, becomes 

V2Gy — {u) . (A.23) 



J.4: 



Both for half-isotropic emission and for our single-angle case we have (n) = in 
agreement with Eq. flA.20p . 
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